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Abstract. In this paper, we develop a new discretization method based on a finite volume
approach for solving the breakage population balance equation. The scheme is designed to conserve
the total mass of the system, and predict the total number of particles as well as the complete
particle size distribution very accurately. The new method is computationally very efficient, easy
to code, and robust to apply on uniform and nonuniform meshes. Development of the method is
completed by providing a detailed mathematical analysis that includes consistency and convergence
of the numerical solution. It is proved that the scheme is second order convergent independently
of the type of mesh. Moreover, numerical results are compared against several test cases, including
analytically tractable and practically oriented problems. It is found that the new method predicts the
complete particle size distribution and its moments with high accuracy. The mathematical results
of convergence analysis are also validated numerically.
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1. Introduction. The dynamic process by which particles undergo changes in
their physical properties is called a particulate process. The study of particulate pro-
cesses is a well-known subject in various branches of engineering, physics, chemistry,
astrophysics, and in many more related areas. During the process, spontaneous colli-
sions between the particles often cause changes in their mass, shape, size, volume, etc.
The two best known particulate processes are aggregation and breakage. Aggregation
is a process in which two or more particles unite to form a bigger particle. Breakage
is the reverse process of aggregation. Thus, in a breakage event an agglomerate dis-
integrates into two or more smaller particles. In this work we are mainly concerned
with the breakage or fragmentation process.

To study the change of the particle number density f(x, t) ≥ 0, for particles of
size (volume) x ≥ 0 at time t ≥ 0 in a physical system undergoing a breakage process,
the following mathematical model known as the population balance equation (PBE)
is required:

(1.1)
∂f(x, t)

∂t
=

∫ ∞

x

b(x, ε)S(ε)f(ε, t) dε− S(x)f(x, t)

subject to the initial condition

(1.2) f(x, 0) = f0(x) ≥ 0.
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Without loss of generality, the time variable t and the size x are considered as
dimensionless (Ramkrishna [15]). The selection function S(x) denotes the rate at
which particles of size x are selected to break into smaller fragments. The breakage
function b(x, ε) is the probability density function denoting the formation of particles
of size x due to the breakage of particles of size ε. Note that the selection function and
breakage function may depend on time t but, for the sake of simplicity, we consider
them independent of time. However, the time dependency of these functions does not
add any further difficulties to the analysis performed in this work.

The breakage function is considered to satisfy the following conditions:

(1.3)

∫ y

0

b(x, y) dx = ν(y) ∀ y > 0, b(x, y) = 0 ∀ x ≥ y,

and

(1.4)

∫ y

0

xb(x, y) dx = y ∀ y > 0.

The function ν(y) in (1.3), represents the total number of fragments in which the
particle of size y splits up during the breakage process and, trivially, ν(y) ≥ 1. In
general, when a particle of mass y breaks into smaller fragments then the total mass
of the fragments formed is equal to y. This fact is captured by (1.4). Moreover, for a
system that conserves the total mass during the fragmentation process, the breakage
function b(x, y) is considered to follow (1.4).

We shall now briefly explain different terms of (1.1). The left-hand side term
describes the temporal rate of change of the particle number density. The first term
on the right-hand side of (1.1) is called the birth term because it expresses the addition
of particles of size x in the system due to the breakage of the bigger particles of size
y. The second term is called the death term as it removes the particles of size x due
to their breakage into smaller fragments.

Besides predicting the particle size distribution, estimation of moments of the
distribution is also of great interest in several applications. Moments are integral
properties of the distribution and some of them represent physical quantities that are
easy to measure experimentally. Moreover, assessment of different numerical methods
is usually based on their accuracy and efficiency to produce the particle size distribu-
tion as well as its moments. To this end, it is therefore important to formally define
the jth moment of the particle size distribution as

(1.5) μj(t) =

∫ ∞

0

xjf(t, x) dx.

The zeroth and first moments are proportional to the total number and total mass
of the particles in the system at time t, respectively. It is easy to show for a wide
class of breakage and selection functions that the PBE (1.1) satisfies the following
equations for the first two moments:

(1.6)
dμ0

dt
=

∫ ∞

0

S(x)f(x, t) [ν(x) − 1] dx

and

(1.7)
dμ1

dt
= 0.

Equation (1.6) models the temporal change of the zeroth moment and it can
only be written in a closed form of moments for some special breakage and selection
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1674 JITENDRA KUMAR, JITRAJ SAHA, AND EVANGELOS TSOTSAS

functions. Equation (1.7) shows the mass conservation property of the population
balance model.

As pointed out above, the PBE is a mass conservation law written for number
density function f . Therefore, it is interesting to note that the above PBE (1.1) can
be written in the so called mass conserving form as

(1.8)
x∂f(x, t)

∂t
=

∂

∂x

[∫ ∞

x

∫ x

0

ub(u, v)S(v)f(t, v) du dv

]
.

For the detailed derivation of the above equation, readers are referred to Kumar
and Kumar [9]. This form is specially useful for applying a finite volume scheme
because of a natural feature of the scheme to conserve mass when applied to the
conservation law in the mass conserving form such as (1.8). In other words, a finite
volume scheme automatically conserves mass when applied to a mass conservation
law written in the form of (1.8).

The mathematical results on the existence and uniqueness of the solution of (1.1)
can be found in [3, 10, 11, 13, 14, 16]. In these studies, the authors have mainly
developed the existence and uniqueness theory by considering the solutions in different
spaces with suitable bounds over the selection and breakage functions. But it has
been seen in the articles [2, 18, 19] that (1.1) can be solved analytically only for some
simple forms of the selection and breakage functions. This situation has led to the
requirement of numerical methods to solve the PBEs.

In (1.1), we find that the range of the volume variable x varies from 0 to ∞. How-
ever, for numerical treatments it is necessary to fix a finite range for the computational
domain. Let us fix the computational domain to (0, xmax], where 0 < xmax < ∞.
Hence, for x ∈ (0, xmax] and time t ∈ (0, T ], T < ∞, the truncated forms of the
breakage PBE (1.1) and initial condition (1.2) are given as

(1.9)
∂f(x, t)

∂t
=

∫ xmax

x

b(x, ε)S(ε)f(ε, t) dε− S(x)f(x, t)

and

(1.10) f(x, 0) = f0(x), x ∈ (0, xmax].

Similarly, infinity in the mass conserving form (1.8) needs to be replaced by xmax

for its numerical applicability.

2. State of the art. The numerical methods are mainly stochastic methods,
finite volume methods, moment methods, asymptotic solution techniques, sectional
methods, etc. Our focus in this paper is to explore the existing finite volume methods
and develop a new finite volume approach for solving breakage PBE. Let us first
review the existing literature on the development and analysis of different numerical
schemes. Several researchers have applied the finite volume method to approximate
pure aggregation, pure breakage, and coupled aggregation-breakage PBEs. Besides
developing and validating the numerical schemes, convergence and stability analysis
have also been studied widely.

Let us begin with the work of Filbet and Laurençot [4]. The authors in [4]
have proposed a finite volume approximation of the mass conservation form of the
pure aggregation equation. Later Bourgade and Filbet [1] have extended the idea of
Filbet and Laurençot [4] by considering the mass conservation form of the coupled
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binary aggregation and binary fragmentation PBEs. A detailed consistency and sta-
bility analysis of the numerical scheme has also been provided in [1] where both the
aggregation and breakage kernels have been chosen from the space L∞

loc(R
+ × R

+),
R

+ = (0,∞).
Sectional methods belong to another popular category of solution techniques.

These methods are well known for predicting particle size distribution and its mo-
ments accurately on coarse meshes. In [7, 8], Kumar and Warnecke have studied
the convergence and stability of two well known sectional methods, the fixed pivot
technique and the cell average technique, for pure breakage problems. The breakage
kernels S and b are taken from the space of twice continuously differentiable functions.
It is seen that the convergence rates of the fixed pivot and cell average techniques de-
pend on the type of meshes. It is found there that the fixed pivot technique does not
converge on certain nonuniform meshes while the cell average technique is only first
order accurate on those meshes. These aspects may be taken as their weak points.

The work of Forestier-Coste and Mancini [5] is different from the previous ones.
They proposed for pure aggregation a new numerical approximation by applying a
finite volume approach directly to the standard form of aggregation PBE. The authors
modified the kernel to conserve the total mass of the system in numerical calculations.

Following Filbet and Laurençot [4], Kumar and Kumar [9] have recently developed
a finite volume scheme approximating the mass conservation form of the pure multiple
fragmentation equation (1.8). Interestingly, the authors have proved the second order
convergence of the method independently of the meshes. Let us briefly describe their
formulation and analyze its features. As usual, the method relies on discretizing
the computational domain (0, xmax] into I number of small cells (xi−1/2, xi+1/2], i =
1, . . . , I, with x1/2 = 0 and xI+1/2 = xmax. The width of the ith cell is denoted by
Δxi, i.e., Δxi = xi+1/2 − xi−1/2. The representative or the grid point of the ith cell,
denoted by xi, is given as the mean of the cell, i.e., xi = (xi−1/2 + xi+1/2)/2.

Let fi and gi approximate the average value of the number densities and the mass
in the ith cell, respectively, i.e.,

(2.1) fi ≈ 1

Δxi

∫ xi+1/2

xi−1/2

f(x, t) dx, gi ≈ 1

Δxi

∫ xi+1/2

xi−1/2

xf(x, t) dx.

The discrete formulation of Kumar and Kumar [9] reads as

(2.2)
dgi
dt

= − 1

Δxi

(
Ji+1/2 − Ji−1/2

)
,

where

(2.3) Ji+1/2 = −
I∑

k=i+1

gk

∫ xk+1/2

xk−1/2

S(ε)

ε
dε

∫ xi+1/2

0

ub(u, xk)du.

The number density fi is calculated from the relation gi = fixi. Let us check
the scheme of Kumar and Kumar [9] for a simple test problem of uniform breakage
function b(x, y) = 2/y, linear selection function S(x) = x, and monodisperse parti-
cles of size unity as initial condition. The computational domain is taken as [10−8, 1]
and discretized into 30 nonuniform cells of geometric type xi+1/2 = rxi−1/2, r > 1.
Due to the nature of the formation of the geometric grids, a nonzero left endpoint of
the computational domain has been considered. For this type of problem, the par-
ticle population of smaller size particles (as a result of breakage, particle population
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Fig. 1. A comparison of numerical results of Kumar and Kumar [9] with the exact solutions.

increases for smaller particles) is quite higher than the larger particles. Therefore,
geometric grids are preferable as compared to uniform grids for such problems. This
computation is performed until t = 100. The numerical results along with the exact
solutions are plotted in Figure 1. As expected, the total mass of the particles remains
conserved. However, the prediction of the zeroth moment is rather poor and a clear
deviation from the true values is observed in Figure 1(a). Finally, in Figure 1(b),
particle population of each cell is plotted against the representative size of the respec-
tive cell at the end time t = 100. A slight overprediction of particles at large sizes is
observed. Nevertheless, particle population in most of the cells is well predicted by
the method.

In this work, we propose a finite volume scheme that relies on the standard form of
the PBE (1.9) rather than the form (1.8). A similar approach has been pursued in the
work of Forestier-Coste and Mancini [5] for aggregation problems. The objective is to
overcome the above illustrated weakness of a finite volume scheme to predict the zeroth
moment accurately. Moreover, the method is expected to maintain simplicity of its
mathematical formulation, conserve mass, and predict the complete size distribution
precisely. A further aim is to complete the derivation of the method by providing its
mathematical analysis including convergence and consistency.

The outline of this paper is as follows. In section 3, a new numerical method
for solving the breakage PBE equation is derived and various interesting features of
the method are discussed. Then, the convergence analysis of the proposed method
is provided in section 4. The numerical results are verified in section 5 and, finally,
some conclusions are drawn in section 6.

3. New formulation. We shall now proceed to develop a new finite volume
scheme for solving the breakage PBE. Recall, fi(t) denotes the average number density
of particles in the ith cell. Assuming sufficient smoothness of f , we also have

fi(t) = f(xi, t) +O(Δx2
i ).

This implies that fi(t) and f(xi, t) are equal up to the order of Δx2. As pointed
out earlier, we discretize the standard form of the PBE (1.9). So, integrating (1.9)
over the cell Λi, we obtain

(3.1)
dfi
dt

= Bi −Di, i = 1, . . . , I,
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with the initial data

(3.2) fi(0) =
1

Δxi

∫ xi+1/2

xi−1/2

f0(x) dx.

Here the birth terms Bi and the death terms Di are given as

(3.3) Bi =
1

Δxi

∫ xi+1/2

xi−1/2

∫ xI+1/2

x

b(x, ε)S(ε)f(ε, t) dε dx

and

(3.4) Di =
1

Δxi

∫ xi+1/2

xi−1/2

S(x)f(x, t) dx.

To set up discrete equations we need to discretize the birth and death terms
using suitable quadrature rules. In the general case of nonuniform mesh, we denote
Δx = maxiΔxi, δx = miniΔxi, and assume that there exists a positive constant K
(independent of the mesh) such that

(3.5)
Δx

δx
≤ K.

Let us first discretize the birth term as follows. Changing the order of integration
in (3.3), we obtain

(3.6)

Bi =
1

Δxi

[ ∫ xi+1/2

xi−1/2

S(ε)f(ε)

∫ ε

xi−1/2

b(x, ε) dx dε

+
I∑

k=i+1

∫ xk+1/2

xk−1/2

S(ε)f(ε)

∫ xi+1/2

xi−1/2

b(x, ε) dx dε

]
.

Using the midpoint approximation for the outer integrals in both the right-hand
side terms, we find
(3.7)

Bi = Sifi

∫ xi

xi−1/2

b(x, xi) dx+
1

Δxi

I∑
k=i+1

SkfkΔxk

∫ xi+1/2

xi−1/2

b(x, xk) dx+O(Δx2).

Here Si = S(xi). Combining the terms on the right-hand side, we obtain

(3.8) Bi =
1

Δxi

I∑
k=i

SkfkΔxk

∫ pi
k

xi−1/2

b(x, xk) dx+O(Δx2),

where pik is given as

pik =

{
xi when k = i,
xi+1/2 otherwise.

Proceeding similarly for the death term (3.4), we arrive at

(3.9) Di = Sifi +O(Δx2).
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To this end, we can propose the following discrete equations for approximating
the number density fi. Let us denote the numerical approximation of fi by f̂i, then
we have

(3.10)
df̂i
dt

=
1

Δxi

I∑
k=i

Skf̂kΔxkBik − Sif̂i, i = 1, . . . , I,

where

(3.11) Bik =

∫ pi
k

xi−1/2

b(x, xk) dx.

The initial condition is given from 3.2 as

(3.12) f̂i(0) = fi(0), i = 1, . . . , I.

Theoretically, the above discrete equations can be used to approximate the num-
ber density function in different cells. However, we will show in the following propo-
sition that the above discrete equations do not follow the law of conservation of mass.

Proposition 3.1. The discrete formulation (3.10) does not conserve the total
volume or mass; that is,

(3.13)
d

dt

I∑
i=1

(xif̂iΔxi) �= 0.

Proof. Let us multiply by xi on both sides of (3.10) and then sum over i to get
the rate of change of total mass as

(3.14)
d

dt

I∑
i=1

(xif̂iΔxi) =

I∑
i=1

xi

I∑
k=i

Skf̂kΔxkBik −
I∑

i=1

xiSif̂iΔxi.

Changing the order of the sums leads to

(3.15)

d

dt

I∑
i=1

(xif̂iΔxi) =

I∑
k=1

Skf̂kΔxk

k∑
i=1

xiBik −
I∑

i=1

xiSif̂iΔxi

=

I∑
k=1

Skf̂kΔxk

[
k∑

i=1

xiBik − xk

]
.

Using the fact that
∫ xk

0 xb(x, xk) dx = xk, we obtain
(3.16)

d

dt

I∑
i=1

(xif̂iΔxi) =

I∑
k=1

Skf̂kΔxk

[
k∑

i=1

xi

∫ pi
k

xi−1/2

b(x, xk) dx−
k∑

i=1

∫ pi
k

xi−1/2

xb(x, xk) dx

]
.

One can clearly observe that

(3.17)
d

dt

I∑
i=1

(xif̂iΔxi) =

I∑
k=1

Skf̂kΔxk

[
k∑

i=1

∫ pi
k

xi−1/2

b(x, xk)(xi − x) dx

]
�= 0.

This proves that the total mass does not remain conserved in numerical results
of the method (3.10).
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Note that mass conservation is an essential property of any numerical scheme. On
the one hand, the above discrete equations should not be used in computation. On
the other hand, if we estimate the prediction of the zeroth moment using the above
discrete equations we find that

(3.18)
d

dt

I∑
k=1

f̂iΔxi =

I∑
k=1

Skf̂kΔxk [ν(xk)− 1] .

It is to be noted that (3.18) is analogous to the continuous form (1.6). Thus using
the fact that (3.18) is a natural discretization of (1.6), the discrete equations (3.10)
are expected to predict the zeroth moment with high accuracy. The validity of this
aspect will be shown later in numerical comparisons. We call a numerical scheme
consistent with respect to the zeroth moment if it satisfies the property (3.18). So
the objective is to modify the discrete equations (3.10) so that the total mass gets
conserved without disturbing the rule (3.18).

To this end, we propose the following modified finite volume scheme as

(3.19)
df̂i
dt

=
1

Δxi

I∑
k=i

ωb
kSkf̂kΔxkBik − ωd

i Sif̂i

with the same initial condition (3.12) as above. Here ωb
k and ωd

k are the weights
responsible for the scheme (3.19) to be mass conservative and consistent w.r.t. the
zeroth moment. These weights are given as

(3.20) ωb
k =

xk [ν(xk)− 1]∑k−1
i=1 (xk − xi)Bik

and ωd
k =

ωb
k

xk

k∑
i=1

xiBik, k = 2, . . . , I.

The values of ωb
1 and ωd

1 are taken to be zero.
Remark 1. The weights ωb

k and ωd
k are independent of the number density function

and the breakage function has been assumed to be constant in time, therefore, they
may be calculated prior to the computation of the system of differential equations
(3.19). But in general, the breakage function is time dependent. In that case, the
weights have to be calculated at each time step of the computation.

Next we will show that the new scheme conserves mass and is consistent w.r.t.
the zeroth moment.

Proposition 3.2. The discrete formulation (3.19) of the continuous breakage
PBE (1.9) conserves the total mass of the system and is consistent w.r.t. the zeroth
moment.

Proof. Multiplying the formulation (3.19) by xi on both sides and then summing
over i, we obtain

(3.21)
d

dt

I∑
i=1

(xif̂iΔxi) =

I∑
k=1

Skf̂kΔxk

[
ωb
k

k∑
i=1

xiBik − ωd
kxk

]
.

Substituting the value of ωd
k from (3.20) in the above equation, we get

(3.22)
d

dt

I∑
i=1

(xif̂iΔxi) =
I∑

k=1

Skf̂kΔxkω
b
k

[
k∑

i=1

xiBik −
k∑

i=1

xiBik

]
= 0.
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This follows the mass conservation property. For the total number of particles,
we calculate

(3.23)
d

dt

I∑
i=1

f̂iΔxi =

I∑
k=1

Skf̂kΔxk

[
ωb
k

k∑
i=1

Bik − ωd
k

]
.

The substitution of ωd
k from (3.20) gives

d

dt

I∑
i=1

f̂iΔxi =

I∑
k=1

Skf̂kΔxkω
b
k

[
k∑

i=1

Bik − 1

xk

k∑
i=1

xiBik

]

=

I∑
k=1

Skf̂kΔxkω
b
k

1

xk

k∑
i=1

(xk − xi)Bik.

Finally, substituting ωb
k from (3.20), we get

(3.24)
d

dt

I∑
i=1

f̂iΔxi =
I∑

k=1

Skf̂kΔxk [ν(xk)− 1] .

Comparing (3.24) and (3.18) it can be concluded that the new scheme is consistent
w.r.t. the zeroth moment.

4. Convergence analysis. To perform convergence analysis, it is convenient
to write the system of discrete equations in a vector form. Let f and f̂ be vectors
with components the true average values fi and their numerical approximations f̂i,
respectively. We write the discrete equations (3.19) in a vector form as

(4.1)
df̂

dt
= J(f̂ ), f̂ (0) = f(0),

where B̂, D̂, J ∈ R
I are the functions of f̂ with the components

B̂i(f̂) =
1

Δxi

I∑
k=i

ωb
kSkf̂kΔxkBik,(4.2)

D̂i(f̂) = ωd
i Sif̂i,(4.3)

Ji(f̂) = B̂i(f̂)− D̂i(f̂ ).(4.4)

Before we proceed to discuss convergence of the semidiscrete system (4.1), we first
assemble some useful theorems and definitions. Let us define the discrete L1 norm on
R

I as

(4.5) ‖f(t)‖ =
I∑

i=1

|fi(t)|Δxi.

Definition 1. The spatial truncation error is defined as the residual left by
substituting the exact solution f = [f1(t), . . . , fI(t)] into the discrete equations as

(4.6) σ(t) =
df(t)

dt
− J(f).
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The scheme is called consistent of order p if, for Δx → 0

(4.7) ‖σ(t)‖ = O(Δxp) uniformly for all t, 0 ≤ t ≤ T.

Definition 2. The global discretization error is defined by ε(t) = f(t) − f̂(t).
The scheme is considered to be convergent of order p if, for Δx → 0,

(4.8) ‖ε(t)‖ = O(Δxp) uniformly for all t, 0 ≤ t ≤ T.

Before proceeding to the main result we review the following theorems.
Theorem 4.1. Suppose that J is continuous and satisfies the Lipschitz condition

(4.9) ‖J(f)− J(g)‖ ≤ L ‖f − g‖ for all f ,g ∈ R
I , L < ∞.

Then the solution of the semidiscrete system f ′ = J(f) is nonnegative if and only if
for any vector f ∈ R

I and all i = 1, 2, . . . , I, and t ≥ 0,

f ≥ 0, fi = 0 ⇒ Ji(f) ≥ 0.

Proof. The proof is given in Theorem 7.1, Chapter 1 of Hundsdorfer and Verwer
[6].

Theorem 4.2. Let us assume that a Lipschitz condition on J(f) is satisfied for

0 ≤ t ≤ T and for all f , f̂ ∈ R
I . That is, J satisfies

(4.10)
∥∥∥J(f)− J(f̂ )

∥∥∥ ≤ L
∥∥∥f − f̂

∥∥∥ , L < ∞.

Then a consistent discretization method is also convergent and the convergence order
is the same as the order of the consistency.

Proof. A generalized version of this theorem is provided in Linz [12].
Proposition 4.3. Let us assume that the kernels S and b are twice continuously

differentiable functions over (0, xmax] and (0, xmax]×(0, xmax], respectively, then there
exists a constant

L = C max
x∈(0,xmax]

[S(x)ν(x)] < ∞, where C > 0,

such that the Lipschitz condition on J, i.e.,∥∥∥J(f)− J(f̂ )
∥∥∥ ≤ L‖f − f̂‖ for all f , f̂ ∈ R

I

is satisfied.
Proof. Using the definition of the norm (4.5), we have

(4.11)
∥∥∥J(f)− J(f̂ )

∥∥∥ =

I∑
i=1

∣∣∣Ji(fi)− Ji(f̂i)
∣∣∣Δxi.

Substituting Ji from (4.4), we find
(4.12)∥∥∥J(f) − J(f̂ )

∥∥∥ =
I∑

i=1

1

Δxi

∣∣∣∣∣
I∑

k=i

ωb
kSkBik(fk − f̂k)Δxk − ωd

i Si(fi − f̂i)Δxi

∣∣∣∣∣Δxi.
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Further simplifications lead to

(4.13)
∥∥∥J(f) − J(f̂ )

∥∥∥ ≤
I∑

i=1

I∑
k=i

ωb
kSkBik

∣∣∣fk − f̂k

∣∣∣Δxk︸ ︷︷ ︸
=:T1

+

I∑
i=1

ωd
i Si

∣∣∣fi − f̂i

∣∣∣Δxi︸ ︷︷ ︸
=:T2

.

Let us simplify the first term on the right-hand side of the preceding equation.
Changing the order of the summation of the term T1, we have

(4.14) T1 =

I∑
i=1

I∑
k=i

ωb
kBikSk

∣∣∣fk − f̂k

∣∣∣Δxk =

I∑
k=1

k∑
i=1

ωb
kBikSk

∣∣∣fk − f̂k

∣∣∣Δxk.

Using the definition of the weight ωb
k from (3.20) and the fact that ωb

1 = 0, the
above relation is written as

T1 =

I∑
k=2

k∑
i=1

[
xkν(xk)∑k

j=1(xk − xj)Bjk

− xk∑k
j=1(xk − xj)Bjk

]
BikSk

∣∣∣fk − f̂k

∣∣∣Δxk

=
I∑

k=2

k∑
i=1

[
ν(xk) (xk − xi)∑k
j=1(xk − xj)Bjk

+
xiν(xk)∑k

j=1(xk − xj)Bjk

]
BikSk

∣∣∣fk − f̂k

∣∣∣Δxk

−
I∑

k=2

k∑
i=1

xk∑k
j=1(xk − xj)Bjk

BikSk

∣∣∣fk − f̂k

∣∣∣Δxk.

This can be further simplified by using ν(xk) =
∑k

i=1 Bik as

(4.15)

T1 =

I∑
k=2

ν(xk)Sk

∣∣∣fk − f̂k

∣∣∣Δxk∑k
j=1(xk − xj)Bjk

[
k∑

i=1

(xk − xi)Bik +

k∑
i=1

xiBik

]

−
I∑

k=2

xkSk

∣∣∣fk − f̂k

∣∣∣Δxk∑k
j=1(xk − xj)Bjk

ν(xk).

Rearranging the terms, we get

T1 =

I∑
k=2

ν(xk)Sk

∣∣∣fk − f̂k

∣∣∣Δxk +

I∑
k=2

ν(xk)Sk

∣∣∣fk − f̂k

∣∣∣Δxk∑k
j=1(xk − xj)Bjk

[
k∑

i=1

xiBik − xk

]

≤
I∑

k=2

ν(xk)Sk

∣∣∣fk − f̂k

∣∣∣Δxk +
I∑

k=2

ν(xk)Sk

∣∣∣fk − f̂k

∣∣∣Δxk∑k
j=1(xk − xj)Bjk

∣∣∣∣∣
k∑

i=1

xiBik − xk

∣∣∣∣∣ .
Since, b(x, y) is a twice continuously differentiable function, by the application of

the midpoint and the right end approximation of the integrals, we obtain

(4.16) xk =

∫ xk

0

xb(x, xk) dx =

k∑
j=1

∫ pj
k

xj−1/2

xb(x, xk) dx =

k∑
j=1

xjBjk +O (Δx)
2
.

Hence,

(4.17)

∣∣∣∣∣∣xk −
k∑

j=1

xjBjk

∣∣∣∣∣∣ =
∣∣∣O (Δx)

2
∣∣∣ ≤ L1 (Δx)

2
, where L1 < ∞ is constant.
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Moreover, for k = 2, . . . , I we also have
(4.18)

k−1∑
j=1

(xk − xj)Bjk ≥ (xk − xk−1)

k−1∑
i=1

Bik ≥ Δxk

[∫ xk−1/2

0

b(x, xk) dx

]
≥ L2 (δx) ,

where L2 is a constant, satisfying

0 < L2 = min
k∈{2,...,I}

[∫ xk−1/2

0

b(x, xk) dx

]
.

Recalling the relation of T1 and the relation (3.5), we find

T1 ≤
I∑

k=2

ν(xk)Sk

∣∣∣fk − f̂k

∣∣∣Δxk +

I∑
k=2

(Δx)
2

δx

L1

L2
ν(xk)Sk

∣∣∣fk − f̂k

∣∣∣Δxk

≤
[
1 +

L1

L2
Kxmax

] I∑
k=1

ν(xk)Sk

∣∣∣fk − f̂k

∣∣∣Δxk

≤
[
1 +

L1

L2
Kxmax

]
max

x∈(0,xmax]
[ν(x)S(x)]

I∑
k=1

∣∣∣fk − f̂k

∣∣∣Δxk.

Defining, C = 2[1 + L1

L2
Kxmax] > 0 and L3 := C

2 [maxx∈(0,xmax][ν(x)S(x)]] < ∞,
we have

(4.19) T1 ≤ L3

∥∥∥f − f̂
∥∥∥ .

Now we consider the second term on the right-hand side of (4.13) for simplification
as

(4.20) T2 =

I∑
k=1

⎛
⎝ωb

k

xk

k∑
j=1

xjBjk

⎞
⎠Sk

∣∣∣fk − f̂k

∣∣∣Δxk.

Using the fact that xi ≤ xk ∀ i = 1, . . . , k,

(4.21) T2 ≤
I∑

k=1

ωb
kxk

xk

⎛
⎝ k∑

j=1

Bjk

⎞
⎠Sk

∣∣∣fk − f̂k

∣∣∣Δxk.

Changing the order of summation we find

(4.22) T2 ≤
I∑

j=1

I∑
k=j

ωb
kBjkSk

∣∣∣fk − f̂k

∣∣∣Δxk = T1.

Hence, we have

(4.23) T2 ≤ L3

∥∥∥f − f̂
∥∥∥ .

Hence, by combining (4.13), (4.19), and (4.23), we have the desired result

(4.24)
∥∥∥J(f)− J(f̂ )

∥∥∥ ≤ L
∥∥∥f − f̂

∥∥∥ ,
where L := 2L3 < ∞ is the Lipschitz constant.
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Next we state the main result of this section.
Theorem 4.4. Suppose that the functions S and b are twice continuously dif-

ferentiable functions over (0, xmax] and (0, xmax] × (0, xmax], respectively. Then, the
solution of the discretization (4.1) is nonnegative and consistent, with a truncation
error of the order 2, independently of the type of mesh. Moreover, the method is
convergent and the order of convergence is the same as the order of consistency.

Proof. Here we need to prove three properties of the solution, namely, nonnega-
tivity, consistency, and convergence.

Nonnegativity. Notice that for any f̂ ∈ R
I with f̂ ≥ 0, and f̂i = 0, i.e., for any

nonnegative vector f̂ ∈ R
I whose ith component equals zero, we have from (4.2) and

(4.3)

B̂i(f̂) ≥ 0 and D̂i(f̂ ) = 0.

This signifies that Ji(f̂ )(= B̂i(f̂ ) − D̂i(f̂ )) ≥ 0. This observation is true for any
i = 1, . . . , I. Then, Theorem 4.1 and Proposition 4.3 readily imply the nonnegativity
of the solution.

Consistency. By Definition 1, the ith component of the spatial truncation error
is given by

(4.25) σi(t) =
dfi(t)

dt
− Ji(fi(t)).

Using (3.1) and (4.4), we get

(4.26) σi(t) =
(
Bi − B̂i(f)

)
−
(
Di − D̂i(f)

)
.

Let us first evaluate the first term in the parenthesis on the right-hand side. Using
(3.8) and (4.2), we find

(4.27) Bi − B̂i(f) =
1

Δxi

[
I∑

k=i

SkfkΔxkBik −
I∑

k=i

ωb
kSkfkΔxkBik

]
+O(Δx2).

Merging the two terms on the right-hand side we obtain

(4.28) Bi − B̂i(f) =
1

Δxi

I∑
k=i

(
1− ωb

k

)
SkfkΔxkBik +O(Δx2).

Now we estimate the term
(
1− ωb

k

)
as follows:

(4.29) 1− ωb
k = 1−

xk

[∑k
j=1 Bjk − 1

]
∑k

j=1(xk − xj)Bjk

=
xk −

∑k
j=1 xjBjk∑k

j=1(xk − xj)Bjk

.

Using the mass conservation property of the breakage function (1.4), we obtain

(4.30) 1− ωb
k =

∑k
j=1

∫ pj
k

xj−1/2
(x− xj)b(x, xk) dx∑k

j=1(xk − xj)Bjk

.

With the direct application of midpoint and right end quadrature approximations,
one can show that the numerator term is of order 2 while the denominator is simply
of order 0. Hence, we find that 1− ωb

k = O(Δx2). Thus, (4.28) implies that

(4.31) Bi − B̂i(f) = O(Δx2).
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Proceeding similarly for the second term in the parenthesis on the right-hand side
of (4.26), and using (3.9) and (4.3) we get

Di − D̂i(f) =
(
1− ωd

i

)
Sifi +O(Δx2).

Substituting ωd
i from (3.20), we have

(4.32) Di − D̂i(f) =

⎛
⎝1− ωb

i

xi

i∑
j=1

xjBji

⎞
⎠Sifi +O(Δx2).

Notice that

xi =

∫ xi

0

xb(x, xi) dx =
i∑

j=1

∫ pj
i

xj−1/2

xb(x, xi) dx =
i∑

j=1

xjBji +O(Δx2).

Using xi in (4.32), we get

(4.33) Di − D̂i(f) = (1− ωb
i )

1

xi

⎛
⎝ i∑

j=1

xjBji

⎞
⎠Sifi +O(Δx2).

Using the fact that 1− ωb
k = O(Δx2), we have

(4.34) Di − D̂i(f) = O(Δx2).

Hence, (4.26), (4.31), and (4.34) follow

(4.35) σi(t) = O(Δx2) ⇒ ‖σ(t)‖ = O(Δx2).

Convergence. Theorem 4.2, Proposition 4.3, and the above result on consistency
prove that the proposed method converges and the order of the convergence is the
same as the order of consistency.

Remark 2. It can be followed from the work of Dubovskǐi and Stewart [3] that
the smoothness of the kernels b and S implies the smoothness of the number density
function f . In this work the functions b and S are assumed to be twice continuously
differentiable and so is the density function f .

5. Numerical validation. To validate the proposed method, numerical results
are compared against several test cases. In particular, the first two test cases have
known analytical solutions whereas the third test case is more practically oriented
and does not possess an exact solution. The exact solutions of the number density
distribution for the first two test cases can be found in Singh, Saha, and Kumar [17]
and Ziff and McGrady [19].

Both uniform and nonuniform meshes are considered for validation. The nonuni-
form meshes are generated with the rule xi+1/2 = rxi−1/2 for some real number r > 1.
The maximum and minimum sizes of the computational domain are taken to be 1 and
10−8, respectively. In order to know the extent of breakage in numerical computations,
it is convenient to express the zeroth moment in a dimensionless form. The extent of
breakage, a dimensionless form of the zeroth moment, is defined as μ0(t)/μ0(0), where
μ0(t) is the zeroth moment of the distribution at time t. The value of the extent of
breakage mentioned in this work is reached at the final time of computation. For the
integration of the discrete system (4.1), the MATLAB ODE45 solver is used.
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Fig. 2. A comparison of numerical results of test case I.

The comparisons are based on a number of features including different normalized
moments as well as particle size distribution. Normalization of moments is done
by dividing the values at different times by the initial value of the moment. The
mathematical results of convergence analysis are also validated numerically in all
three test cases on uniform as well as on nonuniform meshes. The experimental
(numerical) order of convergence (EOC) and relative error are calculated as in Kumar
and Warnecke [7, 8] as well as Kumar and Kumar [9]. For the case of known exact
results, some additional comparisons are performed to assess the accuracy of numerical
results to predict the first two moments and the particle size distribution.

5.1. Test case I. We begin the validation process with a simple example of
binary breakage. We consider a problem of uniform binary breakage function b(x, y) =
2/y and linear selection function S(x) = x taking monodisperse particles of size unity
as initial condition. Notice that this is the same test case as considered earlier in
section 2. Figure 2 shows the numerical results of the first two moments and particle
population in different cells. The computation is carried out for a large extent of
breakage μ0(t)/μ0(0) ≈ 100 which corresponds to the dimensionless time t = 100. The
computational domain is divided into 30 nonuniform cells of the type described above.

The prediction of zeroth and first moments is shown in Figure 2(a). The results
follow very closely the true values. In Figure 2(b), the particle population of each cell
is plotted against the representative size of the respective cell. These numerical results
are slightly overpredictive at large particle sizes. Overall, the degree of accuracy is
quite high. It is important to notice by comparing Figures 1 and 2 that the drawback
of the finite volume scheme of Kumar and Kumar [9] is overcome. Moreover, the
CPU time taken by a desktop computer to run the simulation is comparable to that
of Kumar and Kumar [9]. Table 1 summarizes numerical results of relative error
along with the order of convergence. To support applicability of the method for
different meshes, we obtain these results for uniform as well as nonuniform meshes.
As expected, the results clearly show the convergence of order 2, independently of the
meshes.

5.2. Test case II. Test case II is similar to the previous test case. The only
difference lies in the choice of the selection function. The selection function for this test
case is taken to be quadratic, i.e., S(x) = x2. The computational domain is divided
into 60 nonuniform cells. The computation is carried out up to t = 100 that correlates
to an extent of breakage μ0(t)/μ0(0) ≈ 18. All other simulation conditions remain the
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Table 1

Experimental order of convergence for test case I.

(a) Uniform grids

Grid points Relative error L1 EOC
30 0.4669 -
60 0.2249 1.0540
120 0.0816 1.4623
240 0.0247 1.7253
480 0.0068 1.8665

(b) Nonuniform grids

Grid points Relative error L1 EOC
30 0.057 -
60 0.0146 1.8573
120 0.0037 1.9615
240 0.0009 1.9902
480 0.0002 1.9974

0 20 40 60 80 100
0

5

10

15

20

25

dimensionless time

no
rm

al
iz

ed
 m

om
en

ts

 

 

Numerical µ
0

Exact µ
0

Numerical µ
1

Exact µ
1

(a)

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
−25

10
−20

10
−15

10
−10

10
−5

10
0

10
5

dimensionless particle size

pa
rt

ic
le

 p
op

ul
at

io
n

 

 

Numerical
Exact

(b)

Fig. 3. A comparison of numerical results of test case II.

Table 2

Experimental order of convergence for test case II.

(a) Uniform grids

Grid points Relative error L1 EOC
60 0.0047 -
120 0.0012 1.9130
240 0.0003 1.9559
480 0.0001 1.9768

(b) Nonuniform grids

Grid points Relative error L1 EOC
60 0.0210 -
120 0.0053 1.9921
240 0.0013 1.9940
480 0.0003 1.9993

same. Computation in this case is more difficult than in the earlier case because of
the stronger size dependency in the selection function. Figure 3(a) compares results
of zeroth and first moments. Once again, temporal change of the zeroth moment
is well captured by the numerical method. As expected, results of first moment
remain constant with time and follow closely their true values. Clearly, the numerical
results of particle population by the proposed method are highly accurate as shown
in Figure 3(b). The numerical results of the order of convergence and relative error
are shown in Table 2. Once again, these results support the mathematical analysis
that the method is of order 2 and the order does not depend on the type of mesh.

5.3. Test case III. The validation is completed by taking a more complex test
case, the exact solution of which is not known. We consider a problem with the
following breakage and selection functions,

b(x, y) =
12x

y2

(
1− x

y

)
, S(x) = x2,
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Table 3

Experimental order of convergence for test case III.

(a) Uniform grids

Grid points Relative error L1 EOC
60 - -
120 0.0311 -
240 0.0085 1.8757
480 0.0022 1.9595
960 0.0006 1.8633

(b) Nonuniform grids

Grid points Relative error L1 EOC
60 - -
120 0.2756 -
240 0.0624 2.1426
480 0.0154 2.0167
960 0.0039 2.0016

along with the following normally distributed initial condition

f(x, 0) =
1

σ
√
2π

exp

[
− (x− μ)2

2σ2

]
, σ2 = 0.01, μ = 0.5.

The computation is performed until t = 200, corresponding to the extent of breakage
μ0(t)/μ0(0) ≈ 12. In this case, only numerical results of order of convergence are
computed. To calculate the error and the experimental order of convergence we refer
to Kumar and Warnecke [7]. Table 3 clearly shows that the proposed method is second
order accurate and the order of the method does not depend on the type of mesh.

6. Conclusions. In this study, a new approach based on a finite volume method
has been presented for solving the breakage PBE on nonuniform meshes. The pro-
posed method is simple to code and computationally very efficient. A complete math-
ematical analysis has been performed that proves that the method is second order
convergent. Moreover, it has been shown that the method conserves the total mass
of the system and predicts the temporal evolution of the zeroth moment with high
accuracy. Furthermore, all observations have been verified numerically against several
test problems. The new method produces very accurate results using only a few grid
points. The numerical results show the ability of the new method to predict very well
the time evolution of the zeroth moment as well as the complete particle size distribu-
tion. The numerical order of convergence confirms the theoretical observations that
the method is second order convergent and the convergence rate does not depend on
the type of mesh.
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