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Uit T: Recurrence Reflasions and. Genevative fundions
Unsll-Y. Gropn Theoy
- Unik T Basics of Geogrs, Trees
UMt T Euler and R Oman O .
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Bosics of Combinaterics ‘
- |
. An nduckive proot operolRs over 0. sulosek, of the set of postie 1
. Tt consists of sef of postne integers. ‘

5 Base case: P istrue
> Trduckine hypothess: ¥, (P -+ Plkat))

(i.e. ossurnpbion ﬂ\afli(m*of ony ke 7 A f PU s true then Plkst) is true)
Tooptner, frey form the, prindiple of modhernabical induuction, which helps
coodvuck on indudive prock. (Con. reached- Vo rulles of inference)

. Reol-Ufe exaroples: Falling ot dorninoes, dirnoing o doddas. ‘
0): Prove Aot the shen of the fist n posive intRgers s .%n(mo_ ‘
A- PLD: Tre sum o the fiest 1 postive inteogr is lgmui’ <1, whiohis me.%;“;

¥ w

Assurne thot PUQ - Trhe supn of the first k postive inteoers s Lkt

6 bue, e 11245 v k= Slelkat) . (Indudtie higthesie) =

Tren, 1324 B skalia) = Licliat) vt = et Lien -

. Y P(ket) : Tne sum ok the fist (k+l) positwe integers 15 L (rD(ke)t) " |

s true. 2

- By e p{\(\c:\pu.e A ma’ﬂreﬂnﬁ_coﬂ induckion, the gheell 1S proved.

Q: Prow thes the sum G the ficsk 0 0d postive integers is 1
A Base cose: T 1=, whidhis e

Mﬁh\j@ﬁ'\&ﬁ P = 4+ 3+ +(Q_k—l) @G ™ odd teiek. = 2%%-1)
S plkat) 2 1aR.x (kD) « a2kt T e, PO = Plrd).

12- (kaDlkr2),



P
n +
Q: Prove thax 2 >n¥neZ.
e case: P(1): 2851, which is true.
Induackive nypothesis: Pli): ok,
+ ot Bt E_“‘-»i < 222 2.0 (1 gkyp
Fente 2% 2% 4 s kel @ PLQ): ks et istrue, ie Plosp

e k),
= By e panciple o modhematical oduchon , the statenent is

Poveq .
Q: The mn\c RNy isc}emta:ibg Ho=1as 15+%+...+-}{-Prme'¢m Haxqun
where n is o NON-NRGgadive '\nt'aga‘. £

A. Bosecose: PLO): N> 149, o 151 whichis e

Indudiverypothess. p(1o): Ho zia,.‘é_ e A 13__%;(«-5': >1a Kk,

S { 1
H kal = + =+ A _i_-. —_ _1;___
. 2 3 o *2“»,1 ¥ ot
S e L TR Al 1 2
D3 ok i *2-51—_}.-&2-‘:}4 '—ng‘_‘ "2;; H%k+%
— =
SR 2% termms e 7
\E \‘:’UA&D: Fokat 3 14 "_*il istue. - P(kj-»{i{k-&i’),__hﬁ:nce bythe -
pandigle of madhenakico induction,, the oderet is proved .
- Note- Mmm‘ﬁ Seres is dl\l&taa'k)\@ H“-OOO as N>, .- o ’
W 7] g X 3 - 5 ! © s
Q: Prove hat for eveny se of Gires in o plone, 00O of which o pogalle)
these exsts 0. sngle poick o coneusrence. . elgmo. e 5

A- RBase cose: PLQJ.'.%-\ 2 non-parolle) Qines‘;c\t@;ect. Which is-(mg; " I
}ng:lcﬁve Pupothesss: \Nfe conit ossume PU) s e, Getawse P(2)P3) -
istodee: o : -

P@) s true ; Ve

P fole
= \\@ con't pnake o hupathesis Yeconse o \obermnediote stepis folse.
* The pindple o modnemadical indudion cogy # '

bie used. to prove this stert.
Tums ouk 4his stodernent is Ou:hmm;& Wsel. = ¥R
Q- Prowe thot the sum of the squares of the first x 0dd. positive integers Is
.1_3 (1 X2N+1X 204 D), A 1i | s
A Bose s PUO): £2- L(1X103), which s e,

|
;
.



Yy iy
Tnduekive hypothesis: Lex P(K) e twe, je.
et 23S r .+ Qe £ (e )Qkr1 N 2rD).
Adding tre square of e (ka2™ add. pustive infeger, fie. (2k+3)’, we get
x B Sk (al Vo (na3f - é Qe XA Qeam)s (2643 2k 3)

- i 1
(k3K 3\k+DLQ\c+D 3 (6k+9)) = (2[(&57(-13 (A3 Br1s Gk49)

| = (Q\wﬂ%k?_kz* W+ 10)) = %KQK*EXHD(QH 5) = L (D X QD+ D(2AK41)+3),
Fe. ARk (s .13 ((k* DX A 2k B), e Plkrt) s true.
 Po- Pllat) hence the st is proved by mathernodical induiction.
Q: Prove thok for all ron-negadive integres 0, 22, 3854 .2 (5“*‘.1)_
i=0

A- Bosecase- PlO): 357 3 (5%1), which is true.

Iﬂd»f-:m ‘\;avcﬁe:*s lex P be true, ie.

g T ok o
3 (geelp. 3 (5(1@?;5) = 2503t S (M gl
> : 7 -1, e Pl istue. -« PlK) = Plkst)
and e e, 1 proved. by Madhematical indauchon.

. Andtrer method. s the second. principke of matremadical indudion (strong ind")
> e venfy the base cose (PUD.
> \We Prove the trush of ol the stolements P2), D), PO, keN.
> Using tis We prove e tush of PlesD), e, We BIRMpE to prove
[P APE ... PAAL - Pl -
S Omeprmed,wemnwr\duae&mﬂrﬂ o true foroll 0. .
Q- Prove thok ony elronertt i the sex {nineNond n>17 con bgm{ten as
tre Droduct of One of pnore PrNRS, or is a prcne it
A. Bose case- PL2) istrue. (2-2Y (2is pArre)
Tnduchve S®P: Assurne thot for some keN [P@~PER..APII] s true.
Tn teyiog to pove Plk+d), '
€ ket s price, then Plat) is true (directty).
-~ i ks is Composite, then we can wite (oy de”) kale o, 140D j+1.
Buk GCCD(GT‘% o e (nduckne step, Plo) ond P oo tue. Hence
P kel s @ prodack of some UM of prmes, tuse Plext) is brue.
- By roodrernokcal induedon, the stk \s proved.
No: Stxong induekion 15 o belter, rore figorous foren O prook Kron the fies:
pricaple of masrermnalical irdaxction. ‘
Exbros:.



6
“ Axiorns for the Sex of Positive Tntegars
. The numiber 1 is a pasitie integer. _ =
i T niso postive \rkeger, ite SuLCCRSSON, ie. N+, is also o positive \nhegep
|+ ExenyPosite integer greater than 1 s the suceessat of 1008 00 iy,
‘ - Welli- Ordesing Property: Every non-emphy subbser of the seX of positve ~“,M€3.
has o feod/mintnuen elerneok. —
Q: PO that  0e Z and. die Z*, thee exisk Urique q,reZ.” Suchthy;
: 0<r<d o o= d-Q,*\“. _
A Consider o s S¢ 1x:xe Z and X303 such that S= 10-09,qeZ}
(Note: § is o subsek of the nON-negafive integess)
- By the Well-ordeing property, S has a. Jeost AR e s g,
Lot Ueody, v20." :
T r2d, we conwete v: day’, wiee ¥ 20, :
Sinee red, a=dQo+ Y (for sore Qo) = AGo* d}r‘ > d(Qe+1)ar' fleg
Thus ¥-r'= A»0 - ¥'<r, Contradicking the assumption ok « i the
scooles ervent. = T2d is folge, s v<d. - -
| Thus e uniquensss of Yord g s proved.
. Reeocsie Definkon  (nofe: dealing only w, +ve ickegers ord 0)

|+ Fockodak of o non-vegadive integer. fact(n) = n-focktn1) ond. fact (0=
| ({wm-.n-_ewm-n 6 the reoucsive sep ond. focklD)=11s thw hose case)

- Rd\sixﬂa at\\irr\:ertoam(\-maoﬁve'mtega Power:

5

~ Base cose-, o= 1
= Recrsve step: o =a.-a™*
. The n* Tibonawcci nuneer: .
= Bose coge: Fio(1) =0, Fika(2)=4 -
| = Recusive step: T (n) = Rloln-1)+ Rs(n-2) e
‘ Q-.%um‘wehadefm the sex of pos\ﬁvéﬁ\ulﬁp&egoea |
| A Rosecose- 3€S ' :
‘ Recursive step- T xeSond yes fen xyeS .
| Q: Reasshely debire the Kleenestor (3170, which is the sek of ol stings o
A Bosecose- A (\is the emphy sting) |
Recursive step- T we 270nd xe ¥, then wxe 3" (sting maw\otﬂ“)
Q: Recursvely defire () sting Concatiation K'\'\')siﬂqlagu\
A () Bose case- TFwe 3 then wk=w . :
| 0 Recussive step- T Wy Wz € 3" ondxe S ten Wy 5= (W ) X
Extvos: ‘




~)

(i) Bose case- ten(MN=Q
Indwchive step- If w Gf.'r xey, then gt'r\(w’)t)-,_ len (w) +1.

Q: Recussive definbion, of g well- formed. formnulo. is as follows :
Base Cose - Evey adomic foraata (o single proposibon o otk Jike P
15 0 Well- fogrned forrmula (\NEE).
Recurive Stop- T A and % o WiTs then ~A lreqation), Ar®(conprction),
/\:\r“» '\dis)umh'on‘t, A B (ienplicndon) ard AL-P,‘(.F"k,mﬁn‘xnﬂ“) e
W0 Wi, Patentheses must e usad progesy, o <lart
Conwre- Nothing else is a WET except those ortoieed by fllomen tre oo nles
Show that the followng are ook Wis: () ~ (i) pa Gin) PA~g, () -~V (1) prghe
A () Inc onrdiete IR-\Lpf\on, NO focraulo ofter ~.
W) Tneomplete cagunction, MISSIg second. opesand.
(i) &) Tnvalid cotmbination of gpesands, No B0 struchyre.
W) N\\c,c.\(\a M‘POMQSEU C.‘Llﬂhj

|
|

Struchurold Tnduction
Tk is \ery siillor bo the fist prcciple of indyction, buk s 0pplied in differat areas,
Q: A s S is defined as follows: 3es
T xeS and yed thenxryeS
and A= {3n:ne N} Srow ok S=A. (IN:=11,23.%)
A To proe that S=A, we rneed 10 pove that A ond. S ave subsets of eadh dther.
AcS. BoseCose: 3eAarde S (By definiton).

-

[nducive hypothesis: xe A > XeS. = Lek x=2k, keN.
By the dekiniton, if xe S then xx3es (:3eS)

Notethod § A ond S ore defined exocily hesame (i-e.howe the same def™), then
ey o '

From tre defiation of S, we conwite ok f xeS, thenyaB e, (- 3eS) Now,
3x1€SwBeSn(BeS > BBeS) » B3+3eS = 6eS (3x2e8)
3v2eS, feSa(bes » 6x3€3) > BES ¢ e (3x3eS)
{ we con use modus panen a3 many imes o8 vegd.
ZkeS A (Bes o Ak ed) » Bwded » 3k)eS  (Forsome

Bu, by the Aefinition of N (1e N A (neN ~ n+teN)), we con corclude

thad the definbon of S (3.1 c S A (Bk e S 3uDes)) NCudes eveny NUMo
Wi is thnce of @ nodumd nurrors, 0NA o other NUMOR,

> Tre oefinion o S roouy e gtaked. as 13k: keN'Y, whichis the deficikon of A.
~ 9=A, Hence proved.

N



Q: \Neitw the recurshe defiition of 0. YOoted tree,
A. Base Cose: TF ¢ s siogle node, is a yooted tree.

Recuusive Step: T T4, Ta ... Ty 078, YOoted. frees with 1oots ¥1.%2,... 1 treng
PeW gragh where A new node ¥ Connected, to ol trees Ti oy ther rods
1s allsO a vooked. tree. -

Q- Wéte e eausve deficiton of a. fulll Binoay tree.

A: Bose Case: A singte vastex is afull biooay bree.
Recupee Step- T Ty 0L T grefuld 19e0ny ueeslgm 0. TYRW grogh where T
AT, or Children wrees £0 o mrew Toot ¥ 18 alsg inany e,

Q: Recume deffs. of the beight N0 ond. numboer of nades o™ of o ful
‘D\(\O-l\j tree ore 0s follows - .0 y o v

* Bose Cose. N(D=1 ond 1 for & Siegle vartex.
Recushe Step: If T:i ord T have respeckively n(T) and n(T,) nodes, ard

heghts KT ord h(T,), then NCT) = fen)e () and h(D- fame(rie)
(el oo vt e . o :

Proe by nducion fhot, i< %Oy
A: Base case: For o sodhe vetex, n(1)=1 ordW(1)=0, 50121, whichls true.
Trdudive Step: [et this be Yue for- bwo full 5\00!3‘&965 T ond T, i2.
)< 2-0"® n(T) e 2. 0Py

Now, ot a.new tree T, whese o Yodk nedet hos dnildren T and
NCT'Y = 10T 00, LTY=Lamox (h(T, hih))
o) 44 0T AA0) ¢ 1+ 2:2" 1, 9.0 o
': 9 QH(TQ* 0. Qh(‘l';')_ {
< 2.9 mo.x(h(.T[).th;)')* 0. QN\GF(hmlhﬂa))_i
‘ g 22mnx(h('mlrtm)

| i) =2i.+l'{‘l"l_1
i Extvos:

hefice the Stasemenk is proved by mathemaical induction.




. . e
. Product Rule - o tagk is broken down info K subtasks T, T, - T, Where

Ty con e donein ng Waugs, T, con be done in np Waws, ondk so m,ﬂmhnwrbef
of Wa@mpﬁ%ﬁnt‘r\eksusznmder and complete the task, is '[Tn ]

(MudEplicakion is represented tyy K Keyword, AND)

. Sumn Rule- 1§ 0. bosk con'be doe in N waws or i WOWS or.. fy Ways, thenthe |
nunAoer of wows ko pesforen the fosk is E,n (Addition is representad by "OR'), |

Q WHow mMany it shings of fenoth k exxst"
(i) Froma domom contouring) m elenrents to o codomain containing nelements,
o tnany Gunctions con o rade? WnaX oloud, injective furdtions?
(1) How many subsels does o SRX cor\mwg nelerrmts nowe?
A=) Eoon \oit con e eiter 0 or 1, ond we haw o filln k such bits. - SCRVS A
(u) for funckions, eoch alerrent in the domoin has N dnoices, ond 4eR Oem |
eleseerts in the dornadn, + No.of fusetions is ™. {1
 For one-orefunctions, nem. Soit's O i roen,
T t0<0, the fict derrent hos n choices, the secondnas (a1 chaices, the thicd
has (n-2) chaices, --- the n™ has (n-m+1) onaices.

» No. of ore-ore (injective) fundions = nla-1Xn-2).. An- mﬂ)-( « D

n-m).,

(i) Eoch of the n efements con bR either inthe sudsek or ouk of it
- Totod no. o subosals = (140)1= 20,

Q: How fnany posswords con be creoted Such thax
= every Chosodes is eithel QN UPPITOSE felter, aqcmsemoradxglt
> ltsler\gﬂﬂsaﬂemtﬁmdomm%
- trere shoud e afftenst 1digit apd L uppercase lekter? |
A: Tem The total numbe of wawys is Pa+ Py +Pg, Wrere ©: denctes the ﬁumba(f i
perrnissible passwords of fengthi. |
Tdeo 1: Seleck ore position for an uppercase (etter, andher one for a digit
ond §il the vamaining places asbitraniy.
«By= (6v26)= (5°10): B, Py - @)+ (6x10). 62"
= LS %)t (_-7! 10)*62‘ ;
Tden 2 ( Princigle of Mathernotical Tnchusion-Excusion): from alf possiblities, |
xude ol the invalid ores, wmmmoﬁmA rnistoke. ]
“ By e 62 10F- b 3¢S 10f B = 6F-52° gvjfbmoiq |
= Totod pwds. - Rugds. with Jekrs '
" Reds. with only ciig‘rbm fetters + Ruds. with only digits
{suhracked bwice) + Rwds. with Onlly Qowercase Jeltess (sulobrocked bwice)
Pr: 607-507364 %
Pa: 6t sgb %54 | |

9
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Rernosk: The adaition and. multiglication tules of courting rm;;ﬁ
@W&Eﬂh‘d os o ses of for Joops, as folllows: e

Addition Rule Mudtighicotion Rute

e O n:0

for | in yange (k1): for {in vange (W)
nend for i “(:JH,C.' (K2):

for | in Tange () vtm
Nl a

foc {in range (ken): for iin Yorge (kmn)-
N n=N+1

4 At the end Of s Progom, the |4 At the end. of this progras, the waye
£ \olue of nwillbe kiak2x... then, | 4 n widd oo kL 2% ¥k, AL for E‘m;sc

# Only ore for Qoop funsok atione. |7 vun sicvulforeoully (they ore nested in lgye)
o

Q: (osses A, Bond C are trvee clogses of TPvA addmsses, Waich O Tepreserted,
a shing of 32 bits. 1 2 ™
> Closs A: Tre Sick bit s 0, followed by o. 7-bit network port ond.o 24-6K hodt pod.
=~ Coss ©: Tre figt o Gis O 10, folowed ty 0. 14-bit reAwork Pod ondl & 16-t

hosk Pod. -
~ Closs €. The fied thvee bits ore 10, flliowedk by o 21-bit RAvork P ond. ca 8.6

| st post.

‘ Nore of the nosk posts Tray contoin ol 0s ox ol 1s. For closs A, the network port

- Coonet be ol 1s. How mony TR+ odoess can ke mode olongjing o fese closses?

A (F- DX P42)+(2*X 222)+ (#K 2.

| closs A Closs® doss C =

. Teee Diogrom: Tt 1s 0. represantation used 1o Jist oud ol possisifites. This can
e usad to dstain o count of the possibilities. - Fws = —

How m&ﬁtsﬁ\t\gs cof\bamode,swxholabﬁcanbeﬂﬁ\%iFowﬁbm

i
ge
s geik R olso (s? _
A /\ T rmk'xrgatreediagrmas
I feftrost Bt ., Srown, We Con courtt 5 passiele
/Q}\g/i\ : - b\tmgsmw&agwenmrd’
0 181y 1 S
% NI\ .
O 1¥AE LK 1 vigntost bit
ydé b v 0 e
Oooo o0t 00t Ot 1111 ‘it sting

| How manny Rt svings sither bRgA wih a1 or end, witha 007
A Usieg e pindple of nashemodical inclusion ¢ exclusion, (gee prev. 7
M.&Maw\gs' trok bRg)n witha 1+ Stings Gnod end witha
~ Siings thak both ‘oegjin with a 1 ondh end. with . 00 (counted 2¢)

%
i = Q-'ct- QG*Q'Q = 1.60.
‘ : Jeniuii s St o




- Tiis pirciple stotes thot if ket igeons By into k pigeonholes,there must
neoessodly ke a pigeocirole Containing miﬁm Pigeors. . S
+ T is Qlso known as Didieet's drowes pantiple.

Q: Svow $nod for eery positve intBger n, one con find o positive mudkiple of n
frade ue wodly of Osond s, e

A: Consides the set of (ewt) ruroess {1,411, ... 118+, where the K™ element
(1ekenl) is made upof kek (s, Let's coll thsset A. =

Recoll o Ony integer when diviced by n Seves . vermoindey belongingto

tRset 10,42, .. 1Y (see pg.6) lek's col fisset ®

+ By the pigeorhole prrtiple, there exist atteast 9 diginek numos toelonging to

Atrot feowe the some vemoinder (winich oejangs to B) when divided oy n. Lex's

€oU ¥ rmainder 1, (Oce<r) oot the oo MuivRss X ordy G

+ By Buckid's diision algprthm, = k nar -

A ' ' Y= Ky (e ksly) = 5 NG, o

= Xydka)n s exauty disiole by 1, and by the hatue of xondy . -

040q solely composed o 1, e sulotra.ion Inogpens. wihod borrowng, =

P lsstelyodend s oG Th e N

I Hmcem_ aBEE 8 e ol ;2 _‘ - i L... 1-11[“. (

'm.' ,,'-‘.A
i 24

. T

Riktmly SO0 12 ey, QLR ek VG o
.;,ai:-‘."r.'u'k‘i. !.",;.e l..!_:‘ i Pyl Py g Caddil i -LJL‘!: IL‘W” W LA S
WA sy 0 Thod B R

' woowdbee [od sAEGRnG

I.“ . 3 :‘ '_-‘._.l 5 ..‘ = " 'fé y 2 o e
Jz A :'\. -:‘L 1 ‘)h.':-ﬁ. _':""-‘ ¥

1 . - .
R h ol - T 'M p——
: bty W



AN -

¥ - Tre p'\geoﬁf\o&e panciple con altevnatively be stoted 0s: € N oni i \
loced \nto K boyes, the® exists okleast one box contoiieg odoe Q [i ' '.'.“""
QbJEC*S [_C'Eil U’}I\ = the 5’-!‘1\&0?&1&, \f \lf.:[;r‘r 2 A) . et CQIQ(N/”
pfd'*‘" Assusre, On the (',C.‘f\kfu”:\{, thok '?‘[Q“-! nox has f’ wer tron Ceeill f"',_[‘, i
Now, Qlsave thod RO

if %e, Z. » cell L?—'-“\ ‘;} s il Lt}b < ‘;T +1
[ ‘:Ze' AR ced L;i;') : ‘i:f,{ £ (0 fe1) = cerd {*%“) . ‘Jl 1
Herce, the total nuneoer of Objecks, i o), K 0oxes (s Jess ton of yual by
K(cﬂu%)-ﬂ < K(\‘%) =N (ie.odwous less ron N), o controdichion, g, "
totod nuenoes of oQjRds must be equal to N, Tre given hotarment is Prowed .

(- \Nha s the rricionum olue of N, such ok ceit () 312 Assurre re 7,
A LY 5 EleR 2 NOKED - Mioimum vabue: Kl

Q. A stordor. deck of 2 cords hos 4 suits (©, @, O, &), How mony cords shoy
o gnOsen suoh Yok there ore oifleost 3 cords of tre some suit ?
A et ($)33 o Mo 4la-at - ateast 9 cars should e crosen
Q: An Aadhaos cordh ririoes hos 12 digjts, and. the Aeoding NUCAoRrigiE) is noran,
- Assure the populaXion of Tndia to'oe 1.5 billion.
{1) How mony Aodinoos cord nustioers ofe passinle?
Y INXXK XXX YK NX € 10,...9%, N#O
ose e GOl decides to perit only certain vobues of MR (leading 4digt),
oukk of the axailorle 9000, How Mhomy sudn akues snould. they permn, such thay
sochTdion cikizen sl geks oL unigue Aodhoas rurdper? (0 min.)
A oot () oceReobesd For 1 volue of NYXK, thereore 10%nes,
. Tre leost volwe OF p such thok p-10°5 £5% s p=15.

Q1 Show thak asmong any n«d postive infgers, nane of wrichore grose thon 2n,

one muskiee 0, Multiols oﬁomﬁwer _ d
A: Werdthek-ony 2 \ntRgRMAM-Bewatlen 95 0~y

. . ' ol m ety k‘l k’- kml & AaYaY, s wat Sjmea i
lex sty to ned DOS\ﬁVeiﬂ\BgefssuchﬁMrﬁeoEMnisaﬂmﬁpb
of onothe.
\We nate ot it s possidle 10 Seleck N such in \iz. $0unH, .. 2043
Now we cont sefleck tre(niet)” nueoRrs to be 2n, Anis o MLl oF 0.
We contt, select o be fom 41,2,..n-4  either, becanse 3 o rultiple OF in the
N integes Anosen eoslier,

Prook (oy cortradicion): Lex 3 ke {1,n) suth trok nore of nined, on-Y ore
| divisiose oy k. Consider the forgest. multiple of k (<) botoe my ord. the serallet

itmhtble 0 Kk (5.2n) to bR ;. Tre clearhy crusk ke consecusive mudkiples of k. B |
Ma-mMy >2n-n=nrK, & hon. SO 1o sudh k exists.

L‘(ﬂs complites the proof.
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NS

Mem: AWJ saqumce of 1 read nuenicers st hove o 5ubSQqUEﬂCE 0@ 2 1
oxfeast nad. veols, which (s either strictly increasing of stictly decreasing. |

Q: Assurre thok there is a o © people, Where eveny poir Of thern ore either
uguol fiends of ™ enennies. Show thott, there oe thee people, Wno ove
mWagmupofﬁmdsocagmxpoEMves.

A.' L r—" DANAAND)
‘[.':1 ) Lrorries ‘O':fo /-Q__‘__‘:.? |
< b .‘.’ o " :‘-

. . 7 K _ & o s, T
.A% SN // b s Iy \‘.: }
. TSy : e | i WS _ ;
| & |
‘5 E) M7 4 B a 2% |
L O\ proed : t

Peronuindi R
. “?T (v~ Perrnudagion): An oxdered afmngemeh’( of fauk o 0 ob\‘]eds con be mode

i sk ‘des L -0

. ¢ (r- comoinomion). Mso epreserted. by (), 1t s the nummoes of wouys to seteck

(onordeses) ¥ out oF 1 Ojecs, wrich cguiats e {0k Bieaial Godfcert)
’ 4 (GEale
N : “Cf = Cney - Note- Defined oﬂﬁnﬂ \f 0er<n. Obv. n2Q

Q: How many n-bif strings contain emcﬂ.lﬂ 187 ey

A Choose v places for Ls, the Yesmaining will auorraficallyoe Os. = "Cr. |

Q- How oy wous are Ynere bo seleck o 5-nrenniner comenitiee from 25 e .ond 22

WOMRN, Containing no less than 2 ren and. 10 less thon 2 warren?

A- (noose 2men AND dhoose 0 warren AND dnoose onathes pIsN.

Q: oo is e codfficient of x%¢ i e expansion ok (2x-34) Lol gz )

A Recoll: (for 00 (X2 3 ;X N . Regd Nolue s = G2 3%
= o .

M ‘ i 4 ¥
.S, = 9 R XD .9 (00 (b Xet Yel) =
ot K=
C§ i 3 (R Xt YD)

=

Q) Por Pascal's identity: s
A. Rus i o 4 n L 5l

= —— =~

- (“-V-‘\'l} l- Lk "ty ¥ (T\"k‘}‘. k‘. 3 (n'k')] (k__‘)l: n K+l R
n nt n+i (nst)} g |
(O (k) Tk (-l kL C= LS. Hefre proved..

Reprork: Used: Yo generie the Pascat’s tnongle. e eagh nueroes is e
M of e B Nieroars obove . Tre leﬂmadvqm*edgesmolh. |
Extos -

te,-"c . (neke0,edh )
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0
Co 1
lCQ i, T
QCO QCL QCI - : 1 Q 1
o acl T G L S 8

a4 G
Note thak these ore alsa the bmqwul Copﬁ\uems :

Q: Rowe \ondermonde's Tdentity: ™" .5 e

Ne
| kzo -k k-
A By defintion, tre LS is the nueoer D‘E woujs to seleck ¢
bie
| (M) o\g]ect Now, lek's divide e (mm)ogdbjecxs o 2 9"003*’;!} xvt&
mdoaedsor\dt‘reoﬁ\erwﬂnno\g}ws )
To sefleck ¢ Cojedts, \We con either

noose 0 dojects ouk of M AND v ouk of 0
OR choose 1 objeck ouk of m AND G-1) ouk oF N

OR chadse QObﬁxouiofm AND(r—l)outo?r\

CRd\oose\robded‘:mkdimmoomogn _

Toto.lnoo?wags "\Q Ce+ ™My cﬂ.emca cr2-+ 4+ "C, "¢ =RHS.
_ Herve proved. =
b Noe: WMMPQ@WMHMM‘G rem & cen, '
lQPcwaﬂn:mz("ckf STEE .

AATIE_Kk=D 1 N
- g e, 7,37, 6, 2 B
AN QJHencepmfe:& S C s k° g
Q?cmttm““cm-zlc e R - = 1

A We con consider the Lis to e t'ne r\\moer o’? (_ﬂ‘\' 1) b\t stmgs cnntmnmg
(re1) 1s. l.el's numoer the bits 1 2,3.... (1) from Qe?t to nght

= P R

LEFT | | : l RIGHT -

Po’. I rI‘L Il <

Tre postion of the vigrnost { con e | (1), (e2D),... Kmﬂ SOLHScmolso
e witten 0S the Suen D?Dmsxbmtes oQ CM\%TWPOS“S‘RU‘\WQ
N

- LS Z S (ke pot of g‘r&mn!:hlj ='2 Cfld k—l'l Hemepma:L

k=ril ‘}sl’
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L. C-Pevonukodion of A Ovojects \Mﬁr\ yepRtiton,

i “"Y'L(‘_ . Y - Comboimnaon of n dojects with epetion

= NO. of ways to distribute v identical djecss inko n distinguishakale opjeCs -
\

L Yo, of paronadotions of n Oojects wrere Ny ore of type 1, 1, ove of t\j\'-’e 2,
TEnl ﬂkmoﬁan (Zm;=n)

i1

G |

- P No. of WOs to distdpute n identicol dojeds O k- identical s bores

idenitcol
(Q: Trere Ore 4 sudents A B,C,D ond 3 tosks Ty, 2, T Q. the 58 nuprioer oF
Wougs £ Ossign the tosks to the studets. AtescRras
OFfR-sudant—ouk-ere NO Studenk raust beJobﬂess

Ar XprXoixz =4 0<x¢4 . (0,0,4) (0, 13) (0,22 412

A d.\stmamshoble Jogjeds into tdeﬁhcaQ bores (O(dﬂ'
of a(ro.oaamntoF boxes ofter dlsmbu.i\on ®inmoteiod) = - -

0 fﬁg@ I
ek
e

< {BEEERB

Solving Recurrences : gbs, (n*ﬂ"
. Recol) $10k & recurTence rreiot\on 3 ooem \ml\h\ch the ﬁ?‘te:m ERES \5
in P terens Of Be DRvios n terons (06,04, --- @) . ¥

Eq: Towes of Honot: Ha= 2Ho 41, Hy=3; the genea!’cam i Hn-'). -1
Eg No of bit stings nat er\clma with 00: ay (No.of sfnnas of leg’chﬁ? 5
Qa= Q™ "o ~F < = Al

Extms-
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. Eg‘
. Rocertheses Combinaions: T nurmioer of wauys to Convedtly radch n poics of
E%‘;e: (), QO Cy= €O, OO), ML), OWN,o00] PRy,
- Tdongulosion of a Adyoon: The numbes of wauys to divide O-Convex Blyaan o
(w2) sides into n triongtes, usiqg non-\terse cx'\rg diagorals.
(3) Livear Homogereous Recustence Reloion of Degree k (w congont ci)fefhd%)._
. s \_lan_‘."' CJO‘\-‘I“'-.. ¥ CKQT\—'R < “S. Cio.n_" ; C_k'.f: o 1S tt“'e Edm O$ ‘)u(‘h an Qq:'\
=1

+ Assume Q= X" 100 QL sdution fot sore e R, Tren, (r£0)
s =C1\'“Jt* Cz"“-l-f... -!:C_kf s GG Ca‘fm-.,. ¢, 20 (dividing blj 'r‘H")l
where: this equation is collied the chomckeristic equation of the YeCunTene ralar,
+ Cose 1: W=2: Tre Craoatenistic @quakion 1 12-¢,x-¢,z (), with Yoots Yy ondl ¢, '
> Cose o Y10, then the sdukion is of the form O = otyry + 017 -
- Cose 1o '\'1%‘"1 R, tren the slldon isof ﬁ'\k’. form Oﬂ 2 (0(14.0(2{1) Rn,

Q: e the veairence velodion n=0q-1906a. GHenthak p=2 s=7.
A. Tre chaxokrristic equakon is r2r-2=0, With o vy= -1, v,=2,
2 OL“'.'. uit"n“* d:u)ﬂ. Gﬁi\ﬁ\ Q,0nd CXI, we con m‘:e
qi"f"‘af—i ? ' : n#-‘l -
! 'Otl-s&n& =7 s og=-L,05=3 *0hz (-1) +3-2°
Q: Sve the veousrenc® relakion on: 60n. -9, Given that 04=1,0,26,
A Tre dnorodenstic equation is 2.6x+9 -0, with yoots Y121, =3,

n-l ] QnC
s Car s Glha sl  (Cos1)
Codolon numbes: Caz 2t a5 (

ol o N e S e

o T A AT T ey

| * e Lotysnop)3", Given 0,00d0y, ;
? Qg =04 =4 3 »
! Qg = 3loy+ot) = 6 ~0y=0h=] +Qn23 U-"f“.)- b degrek

. -Cose 9: k3. Te dnorakevistic eQuaKon is ye-iprpwdiyfyb—iot. & Poly™. of
" Coge Jo: AWl visor disiock, then g = Sty soxDa A . - |
~ Cose Zb: Tre vooks o€ Y of rudkiplicity wy, ¢, of PudkipRiclty My, .. Y, of
roudkiplicity my No ok myatty ¢+ Mg =k,
0= (Olgg+ g% . Sgan P T+ R L ST i L PO
+ (X go+0hyy +.-.*°‘-ﬂ“.nl'\m"l) TJ?.

Q: Sobve the reustence relokion Onz 601~ ona + 605, 002.0475.05°5
A Tre cnoradkerskic equakion (-6« tr-6-0) hos voots 1y=1,6:2, %5
| Hence On: Sq40a Moty 3" Given ' - T |
Og =0l 40lp 4z =2
Oy =ty 420k, “30 =S W e . | Q|
Ay -+ Ao+ =15 =i, oG : 1, %32, Thus 0y 23 -2 1.
» BA0s: A
> LoXkce Paths: Cn is the nurmioer of lofdce palis Nﬂ‘ﬂ ag‘d%om (0,0) o o), such
- thox each step goeseither —» o 1, ond. the pokh Acesnit cross the diogonal yex. .

e e | o




s

A

SOk the recurrece velogion o “B0n472002 Ona, e
=102 0rd ay- .
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Ps '(he dnorckenstic equodc\m ((e41%20) has yoots Lo e o tas AT P T "1 :

* Qas (g ot n 4 ot ,N)-1)". Griven
Qq = Xyp=l
Q= =®ygd Oy =~y = =2

Q, = Q(m J‘”Qt"‘ll"* 40‘\13 = - 2 0(10"‘-1'0(11: S, Oy » 2

s Og = (L+3n-262)(-1)",

() Lireor Non-Romogeneous Reausrence Refodion (with constont, coefficients)-,
+ The fotm of such on equationis Qe €0+ €405 *.-+C, O 1 * ‘:(ﬂ) e
Fkﬂj BMO&?&I\M O(\T\Ofﬂﬂntmon\d pmtﬁm
* Tts soulon s Q= 0N where
- cf;“ tre sukion of the associoXed. homegeneous port
oF: 0 porticulos SoLUKON to the non-hormogeneaus TRURACe Telation
+ lex F(n) (ognt+b 1t 4 gnib)s), biSek.
= If S is not amotoemmmowport fen
o, - (petfape ' ‘.. ApNnap) S pick
= T.?Slscxmoto?ﬁwemmgenemspgrt hen
o= M (pert + pea® Yoo pnep)S, pimekR.
Q: Sohe e eourRnce YRIOKON Q= 304420, GRNtaL 0y=3. (it
A: The ChorGusmsistic equation of the fomageneaus port Ts 7-3<0, fus o (O
Now since Fi= 2n = (Qn-i—()h on:iils not a oot of hhm\ﬁgemn.lspott
thus o - (pnepa 1 = pn 00N B AH08 coomaanuad < )
Sulpstituiirg ag o’ ackinto ’Cne recustence velation, - “ o)
Pnaps = 6(pl(n-0 +p° <20 = (Bp+2)n+ (- 390 S, p,,si p.z---

* Trus Otn o-3n-3 5 Given Qi-ZDOL"i -3 Enug, u- 3 (ﬂ)g\ n-

Q- Schve the recusrence reladion o“-5aM* n.;+7" \nm&msummm
A:. The chor. @9, OF homog. postis vAec-6-0. . o&\“ oq(—ﬂ *%(@J‘
N\do}‘,” po(7)", -+ Tis roto vook of J.

Sulpstiing 0 bock,  po's Spul) RPNELE % o
. =x4=)pa = 35Pa#bpe+ A9 o o el
o s uﬁﬁ)‘_‘ say e + (75, vinere & ond o 0 ARBINERY canstonts.
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; " The Master's Theorm is applicoble 1o Yewurrence wiohons of the form
Tle)= AT A F) = polynomiol

Wrae Tlo) desnates the 0™ teren, Fn) is on oroitony fundion ong bis o
dinvsor 0f 0. AlsO axd, bl

By Binony Seorch - The tire complexity Tn)= T(3)+c
Merge Sort - e time compliexity Tin) = 2(3) +en

Assmpkct'c Notodon: This notodion efers only bo oppProvirale \;Qiueg,?
fupckions, ond nAt Teic acrual vogyes, Eq: O (Big-0), £2 (8ig Orvem),
© (819 Theto), 0nd. 50 an. This natation orly focuses On the terms impocs

- g | the growth of the ¢"

o s ~ i Aeas 3
RO ¥ P,V Ay = A7 S

O~ an Lipper bourd : i () < C1gul) Y > ng, MG eR, then fn)-0gs)

| {) - o Lowss 'bourd: )3 €205(0) ¥ >ty 0,6, €R, tren ()= (L{g,(n)
© - otight bord: if §(e)= g (ry) ana, Fis0)= gD then £lsi- Slgled.

Th\sag'mmmammm&w&m“{ . 3

LT RO 20D o e €50, hen T B (WY, ~
T E) - 0019 then T(- & (1100 4o ), | -0

| - T - Q0"B) for some €>0, and oF L) = cEforsone oot

m“ﬂ%e(ﬂnﬁf ey

- Q- \nNettethe osypptotic HORR aotasion for () TG\) =9T(3) 40 (iﬁnn!)q@_‘)q
A- ) Fl=n, nlo3e_ 2 Sioce. FHm= . 0(n? ™), thus from®) :
Lz OUPIgR Ggl w6, il gs) « - iSie

() Pl -1, 01982 071 Singe Figy)- OL), thus (from@) Tiew=Bllag

Q: @R O rooton for T 3TGentogn?
Ai' F(J'\)'=ﬂ0.03f\. Pjgbg‘%,ﬁw ntag,;*;_ nbgé- ) S LT 255

Ak _ Yy : 10g3+€) ppn g

: , - Since Flo)= QUn'0%% *€) because 0199
| mﬁfmw - grows foster thon 0 ¥03* for subficienty lage .
Ve - T is © (nlogn), fom @,

Q:Usge Mogter's Treorenn to wite de Big 6 noasionfor

© T B %) +dogn OROE { 211, n>2
. ) = N2
) T@9- 3Tt () = 21(3)+ntagn
Y Bos:
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A: ) FlXtog, nloga (2 RS APYDGDalawer I = . R
szﬁosngmws.slnwer&m]ﬂ by @), Fin):0@ER) s e
() 18X n=2" for sarre k. Defire S(1)=T(2Y), where Stsmw o
*Wehowe SV { 260141, k1 o
ket L
<FH0= 1, 19 K. Since K grows faster thon 1, by @, Sta= ),
= T(29: ) = T(M =5 (ogr.  (Norwed to specify bose) ?

() Lot 2o for sove 0. BEHERSSIR. Thus Tl)=3T(5)41,
~FO0-1, ™ = nJo3a®, As n%bgfmfustwhmi, Tln)= © (ﬂm“s)
(2. TLQ“) oM. :

Ftn) Mlogn n%gba n%az e Smce nﬂogn Q_ln) T\ﬁ'\ eknicgn"ﬁ

QO rortion e f(mes%t-)«ra () fe0=26EW2 () Flod- a&"m
) 4078~ Bt ; o i3

A: () Fld=3, n‘% e (grw s foster ton®), %1=e§eog,ﬂ .ot
() Flo)= 2, ndone - n(gmwshsler than2), « flg)- OW. ,1,
() Merge Sort - Fled: nﬂﬂab“-n - fle)- ©TnIAITRE
() Strossen's Formula- an')' n, o33 10927 Lgms{m ad
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<A gram

T

GapnTheay.

con be thought of as a picroriol veprasertabion of a. relnsig
gen poits (verticesd. Two paints afe Yeladad in sorve woy y if thely ore

! cmnecxaib\d(}ﬂeda‘? e
| i N\
A 7 o l:: ‘\1 % ‘:-}\QIQ R - o ff‘uf-'fff
| C“(V; L % --\_\"\‘j VIR\"l AND y } ) . s ™ VLP‘V:
i \\ ‘ (\/__/( Py \IQ.RVl \ 1; ] ifl-) ) “Gl-
| o (- way) o 5 Ry
. on urdireaed | 0. directed by ore-vay
(for syrmroride r's) ( defoundt. assurnption)
O TS8R, Ry & e e e
L 0 T N T | i1 1 0 1 07 indeore (s
V|41 BOoo Lt ol wip4. 1 o4|oweEing
g POl IiNO: © “ |0 .0"-17-1 0 -131:‘\\‘5?0:
% a
- T [ S J . Vi -1 O O O - Jvetednoorls
_s =0 i ow
Jd-\emqes\cenmnxo?w &\e_\mdmcemumxofhe :
Uediresm grogh Bt g 5130
M Vo Ny “ Vi Vg Yy Y
Wi 0o t ®mt1 TR 4]
e ol adipid .|l oot 1}
VD g Va |70 000
i Vi | LTl Vi LH0=0Bi0E
e adijocency modvix of te
| Jocency X © deucemjwwof
] U\ammva:tedgmw the directed groph
|

- Tnodence Maddx: A rokvix weere O covresparde to vertex | & edge ), ord. oy

i &; conneds v; o v -
=& 0, ;ld%e 2o (Undiracked)

’ lEedgeeJ1smxdﬂthROl\'\vmv 5
5 \-L s edge g; incident O vertex ;, Dicected)

0, otrenniee.

AdducemdMomx A rrokdiv where g Corvesponds to vartices v; Ly; ,ond o

1 & v; onrd. v; Srore On edge
i {0 i o (Wndirectad)
| y Wi i€ tme_er'\%onedgem]\&v; To v;, (Direcked)
| 0, otrennise.

- The 0djacRNce ThafiX is 0. SHUOM MR P“ddlt\omﬂln, undivected
Smd\d%n\s AR (s sgmi}:nc oloouk. the. eoin diagonol gy

- A1 in the prictipal diagonal &mendmmf@ema&ﬁM°

hmwneswﬂxqverw —_— o
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- Porolied Edges: Two edqges ofe posalie! (conrected. between the some vertices |
o) }mha some dicection) W their mﬂ'e‘gpomirg colurmns in the incidence
modax oe identienl y

: 1sot:n0tp\\\c Gwogns: Tno i\m‘_‘\-‘"‘ Oy 0nd Gy ore isomnoy ohic § theic incid :
matvices My and Mg con be dokained. from eacn oftes though some permoutagion,

Pad \ Clreuits - Fulledon & Moot
+ Seven Bxdges of Konigsorg: A histudcaliy ntalole : :
probian i madhennodics, Weere e psk was to devise . E\ﬁ?%nmvgﬂjﬁ

walk rroudn the S\\ of Kénigsoerg, russio that would, troces eveny edoe

QoSS eoch of the SN \NAges Oeross the Pregel. vivel RxOCkly Once.
nce 0nd only once. Hasniltonian Rah: A poth
inqgfnph G\V,E) which
(A) Visits exery vertex/node
- ﬁ/ f e AT A . 7 . . -
/ [ S o EU‘EF\OI\CAWAW
T _ : Lt cicuit in o, graph GIGE)
S g : ﬂ s 1 Waich tvaces e:endedgle
[l Korigeoeg (o) )/ exotly oree, ond regits |
7 Preged River : and ends on the some nade]
W &ndge | Z Hasnitkonioun Cicwik= A |

_ clreasitin agragn GUVE)
* Leannard Euller proved.in 1736 thad the problem hnos no sd”. | whidh vists evesy ron-
This s because an Buldedon podh does potexist. tefenical Vertey ex
| : i . Tt 'oegins and and
Q- Frove thok oL graph can hove an Eulerion podh 3 NG 2‘;‘2 s
it hos O or 2 odd vestices, - oohj h:m 'd@rtsex
A Duxing baversod of on Eulerion path, &%y node e
h RMMhaweedQSMwmehpmcs.Omineachm° - sl _ﬁ‘;.’,f-“‘&
| ¢ funchions 0s on entronce to the node, and.the Otrer, the extt. 3\;{ Bl
Ore 2 excepbions: wien we feove withdud entenag (stost) =~ + D P
ox enter wighouk Jeosieg (end). = 30.podh §#0 = 0/2. - proed,  Geovh 7 Bcdgsdlkeay,
-Treorem 1+ The sum of degrees of ol vastices of an unditedtad graghis
twice tre nurdoes cfedges. - > Caaa) S
> Prook: Tre theomem conbe proved. by mcﬁm.k t) _ K i
- Bose cose: Null gragh -+ 0= 2x 0, which is txue. Pla) . o « oash
. INUACINE Stop Assume 4ot this, holds true £ some GOV ED. Now 1 . new &dge
is 0dded. behwesn two \ertices of \, 4he sum of deqreesmhhi‘measeba'_).. -
(P » 4. Hence prowed.
- Treorem 2: The puerioer of 0dd. Vertices in Q. gragn is even.
-+ Prook: From theotem 4, the i sum of degrees &aﬂoddmmﬂdagm&
ol even vertices 15 even, Buk he sum of degrees of all ewen vartices is deorly
&ven. Hance the sum of ol degrees of odd. vestices rust be even, thus e
freorem s irnplied. from fere .
Note: "0dd vertices' Vastices of 0dddegree, *even verkices” = vestices of exen degee

.
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= . Tre nuenoer of edge—dxs\\omt crouits is Vgtn—ﬂ

‘  Sicnple Groph: A graph wthoud, self-100ps 0f poratiel edages,

. Reguﬂor Gwogh: A groph wrere Ol vertices have4he same d89\’°e

- Complete Gwoph: Ag@{)\" GV,E) where Yy N eV, it], thgfee)qr;&mprjab
connecing v; and V. Tt usuolly does ne Y self-100m,

A K- %

Ky~ complete ¢ nph
whny \\"u

" Nulll Graph- A graph GlvE) wnaeE 0. (o Rdges)

» Bipostite Gragh: Agmph GOGE) is soidto e bipostite € \ conbe portitioned, iy
Ny &Ya such tho N1W\g =V, Voo =, ond. notwvo distinek Vestices of either \jory
Pove on edge ConnRetng them, g
= A tull graph s Dol biporkie.

~ A corplete bipodtte grogh (hoving ol possiple conneckions) is Tepresented
as K\\'z\ Wal- for excm\ple,

23 .- . |

PRSoN prodlem invakves ﬂndxtg o Homiﬂ.hor{;qn odug ol
% mmwm is cnininised. e SR

+ A complete gragh (e) olwais s a Hami Btonian, Cicuk, Ihe Nuoes of pcmble

i

Hosrikonian cieuits in sucha.groeh & 5 o, s SRR <

Ovoph Trversall  (ossumegrophs direcred) >
< Trere me%smmegrudr\:' 2 . :
- breaddh-fist searh (8FS): Loyer-oy-layer taxasal. Ksdone usig 0. queue.

"'depﬂ’\ ~ficsk georeh (DPS): Expﬂ.mochoncﬂpahhﬂmdbe&ore mwgtoﬁerext
T's done using o stack. .
- As an exarnple, consides thegﬂl{*\mti‘\eﬂght
BExtxos:




- s amnen il » o
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- PS5 Intiotize the oueue tobe ephy, ond begin with any wrtex whidh s
neiddoowrs (ere, nRignoour of o vetex \ reans a nade connecked. ko N oy 0 edge
thod. poicts from V koo, Enquievie this vertex. Write 0l vertix®s hoe not beeny
actounted fof, dequene the heod ond. engueue ‘\trgwnejghm-:s. Tren dequeue the
st of 1R elernent (if any) ore by ore, ) '

» DFS: Intiolice the stack to 'R 0By and push any vertex: whidh hos e
Whille 0l vertices have ok been Qcc\z)dun’ted {-E\-, pap th;d top off ordc;x\lsh\ts*n?ng\grm :
Then pop the fest of tre dm&)r\ebg one. = .

Queue  BFS Stock rs _
NuULL » ' 5
-- L\MLL & E&"i NG ‘\t&uﬂé‘l. ~One possible S troversal is e
L Rt S R f g v
G . .
i 5 e o One pissbﬂe TFS troversal,
o Al e po- ACYR ) 2r- -
e o
AGY
Gur  peoeet NULL - Aoeeced
Hovel- Haliey Algodthen

. Groph Reolisohon Rodlem: Lek A=(s k45, 4 d;(dz,...d,n be afinite equence of
non-NeQotive, NONANRasHg integers. (Sudn o sequence is collied. grogpnc) Defire
QNNSQQ}MB ﬂ‘eﬂmmomqumédesmo&%ﬁmﬂﬂqgr@

Al-- (_‘tl"i."Oz' b "'*‘;.-1' dl.edz.---dn-) (50-3 Q) :
obtniced. from A by remoing the lefterost (moxioum ) lesvertt, 0nd. then sushadting
4om e fists ements (ofter reMOMNg ). T A does mtfoﬂlm'o.mn-decreoma
OIRS, (NgE T in Sudh On Oder:

Conongseqrumcebeckﬁckedfofwﬁriﬂsgmﬁcormt? l

+ Tre Honal-Mokinrit algortinem s 0. Yecursive: algoritn thos crects for “gragriciy”

= Boce Cose, A sequence of 0s is gropnic. - (=Nulll grogn) 1

_ ~ Recurs\e Step: Gerrige A'from A 0 defined obove. T the bose case & reachen. ‘
|

i

ﬁsaqumts groghc. TF QX 0Ny poics, tre terns become ve, the Sequence is
\C.

. The vecusse step is equinalert to vermadirg 1R highest degree vartex (and olt
edes OSS03Rd. Wik of o gopn- '
Q- Use #he Havel - Holirmi oporithm 1o Creck Wathes A=16,5,5, 43,24 s
gropic of nk.

.13,21.00%
A- A: 16‘5.5.. 4"'5"2'1'3 A2 KA : :
Ar- 14432408  Aps 140505 ® - Tre sequence bnit gophic,

Fi%'s_é!%mm
- This s an algorithm thot nat only checks mamu&mm« not (e ®3
on Eulerion potivcicut or oot ), ouk also.genesades one in on Eylerion groph.



s O

- Step1: ¥ the grogh is Jdisconnecrad, it widn ¥ne Yesult “Naton Eulenon OFagh'
s Qo to step 2. ) o
vesult “Net on Eullerion grogh’, ®lse goto step 3.

dlsconeek the gogh.

» Srep . Move to the othenertex s edge, yamove 1 ‘
Ci?;m | olong this edge Ve NS @dge, aNd. prct; the
. Sep6: | mguwmhaswgsmna.gotﬂstep% LE




Shortest Rosh Broolery

Ik con be of three types:
- Single sourte, single destinokion
- Single source, gil destinakion
. Al source, singlte destinakion
~ TAis cose con e soled. from “singlle sousce, ol destination” by Tevarsang
direckions of edges (ia a diecked. Gragh), ond. using “smgle source, 0l dest
toldng the Qjven destinddon as o spurce.

. Tre shortest path pobleni deals with weighted. grophs, which ore graphs ‘
GINE) wrere €0Ch edge s 0ssOCiofed. with 0. Yeol nurmoes Occording to
weight funckion W-E—TR,.

- \We axe vequured. to ficd. ou path in the graph from o, source vertex (€Y to o
destinoXion vertex (d) sudn thox the sum of Weigts of e troversed. dhes
s Pvn\enised. J
- There oe two oﬂ%odﬁ'\“\s - @ijksb(ds Mgodﬁ\m (i) Bellrnon - Ford, Aﬁgor'\W\m
Niksto's Alorth
+ To apply this allgorithm, all edge weights rust be r\m-r\egxt'\\e.
* Irnogice the vertices to be ol depots, 0rd. Hre edges to be pipelines. We spt fie 9
tre souste vertex 0Nd. assue the fice to trovell ok eoual speeds olong all pipetines,
- TR, e snartest podth from the soue to o partaulior Vartex willice ¥ne Kitre
ok Wridh Enod vestex, bums. ((Shortest path 1o the soure is 0.)

\
\
1
- Algoridm:
> Step 1: Stort. o %
nd S'(EPQ Tnitiodise the source 08 \isited. ond. the ‘(‘Qﬁ‘\m(\mg Vertices oS gk vi St
Assign tre nuericer 0 tothe source, ond oo e rest of Hre \eetices
-~ Step?: If of vertices are Visted, go to Step?
- Sep 4 Selleck cx‘v'vs‘}tecf Nerkex howing 0. Neighoour (vertex sofcganedge) which
1S ok visited” (Suppose A is the selecked visited! vertex ong ® is it
‘non-visted! neignoour.)
> SRPD TE (A rialWIASY < 1(BY, updote UE)= (M- min (WA, where
1 e funcfion Used to assign Muroers to Vartees (Rg; ntiolisoion- §()-0, ond for
ol other vertices, 1(v) #00.).
* rin (WAZY): the ricionum of the welgnts of all @dges connectivn A ond ®
= Step6: Updake B 0s 'visited!, then qoto step 3.
* Gtep 7- Tre numioer associaded: Wit o vertex is tre miticoum veigrt of the path
fronn the source to thak vertex i-¢. the waight of the ghortest Daih.
2 Sep 8- Stop.

Grceedy Approacn: T is o prodem-sobing techiNique irnaling

> Local, Optirtisalion: Tre-pest-pessible-Choe-s-rredeat-casistes. Tre opfion
0ok seenns the most berefcioll Ot the Morent is Pcked, haping that it will Yeod.
o an optienal solukion for tre entre Proolem.

~ Trrevocalkle Decisions : No backtracking - o dnaice once fhade s never Yecongdesed,

- T\'ve gre&d&ﬁ APPach is simple 00d. £inds o salukion opuicidy, oud e soludion i
fiods st Quosonteed 4o be optiral . Dijkstals algo. is o qreedy agpoach,




2 s
‘ ‘s o&goﬁﬁ\m f,mbo OE’(““(’.‘i even if Sorre s3='l_1353-, have negotive 1 NRIQHE-
However, it has a higher time cormpleaty.

. Tre presence of nRgokive cytles {cuycles of 2 o more eAgeEs, Wae the sum
ot weidhs (s mgnﬁw) 6 030 Oetected.

L oThe afaonthen Wil be demonstroted, in this question:
(3 Report the shovtest path weights from the source 85, bo @veny cther vyt
Using bath Dijketrats & Beimon- Fork aligprithins, Hence, show why Diketrols
lgodthm fauls hese.

thisw o :

, A
divecked. £ ®/,
avarh with

R Weigntad.

edaes!

A: Tnere Relltron-Tord olporithm: We initiolise fre distonce of the Soufte vartex (s)
tobe 0, 0nd fox the vest, #e digoree is ntialisad to o Nasw |
Digtonce = [0,00,00,00,00]  (inthe order [s5,0.)0,cd1)

Sce (N1~ 5, we ferforen Iy - 5 teradions: the st I-1= 4 iteriions 0s@ used. for
edQe reloxations (- adjysting distonces i possible), 60d. e last one s used
check f fustrer Updasiors ore ssiole. (Dothis blidly)
Terofon 1 (sage veiox) mia

Emagh\z-. Aik (B = rrin { disk (2), disk )46, 0) =min(e, 044) = 4

Eior 80 gisk ) = rvin Ldigk @), st )+ minkWER) = rvi (o, 045) =5

Edge d-b: dist(b) - min (disk(o), digk(@)+ min(W(d, o)) = min (& o-1): 4
(no updodion) 3 R -

Eﬁg& o~c > dust (©)= min (dht(c), dist @)+ N{\nL\NLQF))) = mn (F‘u 54,'5'], e
Edog boc: dist ()= v (dist (e, dist (o) * min (Wb = i (8, 4+6)-3
(ro updation)
Edoe cad dist(d) = i (disk(d), disk(e) « in (wic,a)) = min (oo, 8+2)-10
Edoe b0 dist ()= rrin (dist(0), dist(®)min(Wlool)= win (5,42)-2
. Digorce-[0,24, 800 -

e

Rerrosks: (i) Tre edge updasion of distones is dore &iamm,d as io Dijlshols.
i) Trere i N0 specific cormect” ordes to process the edges Trey conte
| i Processed. in ANY ordier, e T
‘ . Theooion 2 (edge veloxosion): BRodwex -
| Edge s-+b: digk () - min(dist () , dist(s) « Pin(W(s, B = iin (4 Ov4) - 4
| (o updation)

A Edae s+ digla): mia ( digk(), dstlg) + roinn(\W(g, o) = o (2,0:2)-2 (00 uPd-) :
| Edgr d=be dist(e): Min (dist(b), distdd+ tin{wldom = min (4 1051)- 4 (rougd
. Edge 0 dist(O) =vin (i (©), disod + il (aye ) = iy (8,24%)-5 .

- cotd onpy®

e




i L e e ST

e (Cortd. froen pg. 27) 27

. AbeR s on ocydtic (areuitiess) gragh with o porallel @dges of. self-10ops. L
. Atree with N vertices hos n-1 edges. As this is the minimum no_ of edges reqwm
4o hove No isoloded. Vertex, O tree is also o MINIMOMy convected 9’0{)\‘\.
:,'lngtme.t\'ﬂ?.@(\s‘tsoﬂeandw%mepmhbex\n{eenankd’();uo\ﬁerﬁces, |
. Spanning Tree: (OF & gragn G) a e connecting ol Vetices of G, using same
or oll e pdges oF O Tk e also known Qs e Sketeton of G, or the roxiceol tree
supgroph of G,
l
|

N AL A tree with
W1 & P e >2 vetices hos,
g < ‘ rd ”ﬁ. O voininnum of
- el e i ‘-. : o prndant
c d _— vertices.
() o groph Gi=(V,E) (@) & sponning tree of G
* In 0 sporning e of o grogh G,

~ broncres ore Hne edges of Orinduded intre sponning free.

=~ drords Ore the edges of G excluded-frorthe SPANNg tree. o
+ TR Wl=n 0nd [Elze for G (¢ ), then, wrt 0. sPanning {ree,. RO

- fhe Yok (x) is e no of branches of G, ond v=n-1.

- e Py () sthe n0.f drods K6, ond p-e-nel,

| Rercork: T thee 0ve 2 or Tnore Components, o spoqring tree vill evist fof
S0k component, . the ek of Hresetrees forrms . SPONing forest. foc '
comporerts, Y=k, p=e-nak, Note thak ok companest oge disconnecked. )
INieauen g T r* usediin "troNeling soleston’ peot'
. For o weighted. gropn Gr=(VE), e rieum spanniog tree of Giste soannieg
free With sicionun totol weighk (of edges. B
~+ Trere Ore o algoritihns o ficd e Minicnuen spanning tree, ond, Bath of them,
o greedy aloorithons: (Note: Grophs ore Ossurmed. Y0 08 ndirected.) | . :
@ : ‘ |
. Spa Tritiolise Gt (V'€ ko 02 0 Rrviphy grogn, - V=4, E'=0.
. Sort the eagamdngtoﬁﬁfw‘i\gfﬁ- :
. Perforen tire foilowing steps for IVi-4 iterodons:
~ Cnoose tre smallest weight edge.
~ T it forns o Cycle with ony edges 1 £, discardf 0nd mow onfo the next
srnalliest edge. ¥ nak, odd. this edop to E£'ond. its end vertices to V!
- Now GV E) 18 the required. mininum sponning tree.
i Exteos- i

!



R -
- Do
. \Ne creoke Q. Welaht modix Whion Takes o sicrilas foren to the adjocent Y Moy,

f

-, ®i=) (Becowse no SX-Icops) e l
OL\JE\[. s W(.\Ii,\l"\'), i ‘l%d ore CDN\QUZEdb\d Oﬂedgehﬂ) x‘; :
™ othewee :

1‘“

- Consid the ficst row ond choose the minioum afestvent in . Conreck e
Corcesponding Nades.

- » Now congider the dom rons Conespending 1o these two PR Vertices, ond. chooge

- IR icionuen of theic entves, provided. it doese't form a 100p.

- - Repeat Ll ol Vertices o included.

Repnark: The subgroph construcied in Riens odgorithm will e connected o
Olk stoops, \ousk T M e discannected i Yruskols, for some stages.

Q- Fird. o reinivnall. sponning tree for the Soliows groph using lroth Prcn's and
Kruskol's olgprthens, i) ek . |

.

Vo 105 Nz

ca

"Ul.l»b
(=]
]

19.6 7 255\ -
o= \\\\ _ . S NS
| ; s L "-\Y.\'A
" A: Udiog Prics's olgoatne: , .
i, A- USY g stng'((nﬁ\olso@son{'nm;
' \(L '\11 "(5 ‘fn. “,5 VQ N 525 2R 2 \(/\
>N - g 17 es@ T C’W/S@'G TR NN @ Vals Vo iy,
Vo o - g o o % AN 7@)}3 95/\M0/ w5 1
iy Vi

Vs 17 05 - W 16 11 4 _
iy \‘)f 195 oo @ 17 195

ST w68 @
Y (O A

)

k. The dotaiced INMUM Weigr s 41,5,

Tre gotoiced. niaianm
we\gﬂ'. B4

*Conye)'s Formulla: Tre usrioes of spanrieg: (obelied. fovests (spanning f0ress
mwﬁnag@hwmnmmkmmtsk,m&%

s complleXely conrecied, i R *
Tn,k= kn“ (‘K\ m' Tnli » n!\-2) P m“ﬂ




29
P(Do? \Ne fiesk {nbroduce Pritfer's *neadicn, 0wy bo represert o bree as
O SeQuence of numoers, The entoding s Clone as fllows:

While the tree hos more than 9 vertices. (Assume Yo the vertices mNUMBEREﬂ
= Cndose the perdont vertex wWith the Jowest nurmicer.
= Remove this vertex Ond dd 1s rook's nusrioer to te sequence.

\J . 9
1 %@) 20 )
2) ry
4 # )

b9 ©0 ©6 Ho B
&qﬁ- ¢’ &Q". %"—i SET- M‘ﬁ'} &J’i i."rﬂ‘,"a\ Seq._ “a 45 's

Nate thad the nurtioer of times ou node oppears in the sequence is One fess than
its degyee. Hence Pendank Vertices donot gppeas of ol
The Prifer's enCoding of any lolosllled. tee is unique.

To cecode o Prader's Brcoding - sowy {33, 4, 45
> The numiRr of vartices is 2 more than the nurtioer of Rlements in e seouere,
U'\Q.{E, 4‘*2"‘6.)
= Vertices ore §1,2,3,4.5,6%. We con alsg infer thax the degrees of vestices
1,.2.3,4,8 006 Ore vespeUiNdly 1,1,3 3,4 ond 1.
= Note the vertices olosit from the sequerce - here 1,2.586. - Pardont Veties

O ]

the pesdmtwtexo:dakth\ttth“mbamh&ufasmng

Q@ >

® SR : Qe® - QP

Z\3, 4 4% {33\ 4, &3 13, 3@4’& $3.3 4

1/9.5. ¢ % g 5 6% 14, 2\5)6% {41, 2756V el i)
~ Now 0dd. ony s , 10 or0er FOTAORE e Verbices condietont with -




B30 (contd. from P %)
Edge b=c! tisk(e) « Tin( sk, digk(o) 4 Wlb,e)) = vain (5,4+6) - 5 (ho ugy
Edge c-a: digt(d) = ria (st (d), ist(c)+ Wie,d))= min ( 10, 5+2)= 7 '
fdge b-o dist (@) rinldisted, distlo) +\W(p,a)) = min (2,4-2)- 2 (o upd y

. Digtonce « £0,9,4,5,71
Tterodions B4 (edee velorakipns): No updadians.
Terodion § (~ve Wy check): No updations » There o N0 AR E{kjfe Ues,

- Thehotest oo s iy »a h&s\hﬁlgt 2, - ohos weight 4,
~¢ has weight 5 = d has weight 7-
Dijksta's Algpéthen:. The initiadisakion step:
Distonce (1s,a,56.¢c,41 in that order) =0, c0,0,00,9]
istted = 383, Nk visted.= {00, c.d}
Verfex ‘ol diklod > min(dist(a), dist()s min(Wis,a)) = min(w, 0+ 5)=5 (S0
: Distonce = 0,5, 0,0, w0  \lisked = 15,03, Nat vistted= 1,¢,03%
| Verdex 0 Gik(9) mrin (digt (0 dist(9)+ min(Wis o)) = minfes, 0+4) =4 (sab)
' Distonce = (Q,5, 4, 0o0,0), \fisited = 15,5}, Not vistted= 3¢, 0% - '
Nertex T dist (O jnldist (), disk ()= min (Wla,cD= min (00, 5+3)= 3 {asc)
Vstonce = [0.54,3, 207, \isited = {5,0)0,cY, Nk vised= §d%
Nertex'dl dist (9 = veiie (s, distle)« vrin (e, d= o (0, 352)= 10 (cag)
Disoace = [0,5,4,8,101, \isted = {s,05,0,d%, Not visited=¢ - '
= Tre Weldht of (R Shortest podh from s ke e Ui
-‘&\ﬁ.\&w 5 -bWs4, Lcis® -Sdish

‘ Dijkstro’s allgodten dlecdly Yoreoks down e, s its Qready appach foils o
t

o ——

-

)

! rordle negotive edge weidkts. T faits to occour

|- This o pkRIeli seX of @dges Lie—sesai-wikaos fan-adaps-aspessitiRYgacn of ol
¢ Connedied grogh, such ot YRmowng these edges ¥e feaves the Qroph discofnected.
- - Treovem: Tn o connecred, graph, the mivienal sax of edges corkaining ore bronch
¢ from eveny sponning treets o cuk ek, |
o Broof: Suphose tis is not o cut 2 (on e cortvony).
= TF we Temove % this minimol s&t of edges, then according t0 ous
f: assumpgon, the remaining graph is still connected.
|+ \Wecon Ooin 0. spanningtree of this gragh. (early this is olsd o spanning
| oo agpolcpmemigusn
1. anmﬁxotmedgehofﬁ\\sm\nqﬁee belu\gsb&emwmmo?edges
| ntaining one brondndrom every sponeing tree, @, cortrodiction.

Trerefore our asswrnption Iswmr\g.m:sﬁ\emnimsetehdg : =
ore oronch from every sponning tree s o cud set contanieg

.Wﬂm&m“.z A fundatnental ciuit N‘\:Qm\r\gm T(fﬂ G

_—




Gr: (28,09, € %3 1A%, AC,8C,BE, CD,CEDE DF EF ) ol
T= (1ABCDEEY, { A, BE,CD, DE EFY)

Sorme fundasrerttal aronts ae: (orandhes, drords)
UDELEF, DFY, 1 82,€D,cD,BC S, 1 AR, A, C0, D% 22 %
G MBI k6 ooy b o T g

AL SEL B by Cofouning exack otebramho?T
T fucdardeatsdiont 3 "
- A ’sur\.mmantn& Cuk S Must howe o

-~ g A furdomentol cuk se

+ \With txﬂnch‘\b‘: {05} *Wikh bronen 'd: §0,¢,4%
~ with brancn *F: 1a.cef ) With lorandh 'g' {o.c.e,g.n%
Wit ooneh it haY ;

fow of o Cotinodiby os posside.

- Treorem: \ith vespeck to o, sgow\'m bee of T of o.graph G,
- a chor that determines o fundoenentol cicuit T @pPears in eveny ﬁxﬂmvmto&
CQukser associaded with the bronehes & T, and. nownere Qe -

~ o loronch thott determines 0. furdomentol cuk sk S oppears in Sveny
fundomental cirtuit assdcioted. with the chords of §, 0nd nowhere else.

‘E% In the above groeh, a - Hence, in accordonce with e theorem, ©
fund.arnental cicuit anords: 0. ocours i the cutsets of B4, &g’
~\withohod o' 10,5,d.80% 4« fvBar ¢ ootars in e cux sels of 9, ‘&'&‘g
"’W&'\C\'ﬂd-c iCdG g} ‘E\}fﬁ &.;,\mn‘ﬁ ‘@' occurs i u“ECMISQ,tSOE Srel 9
~ withcrom.'e': e, €9’ oo in B ot sers of g &

broncres: 'b' ocours in the cicuiti of of
‘d', ', 9" and i gecur onlly iathe cicuits
s of fa.03, fa,cel, {a,c.ehd & h respeokively.
. Edge CorrecXivity; Tt isthe rinieauen cmmoma Of o cut S&K. .
~ Theorem: The edoe connedivil connct exceed. the dagree Cf *waveftexo?ﬂ-e
oo with feost degree.  (Upperbound. on edge conneckivity) -
: Wcm Tt is the minimnus-nuecorr of Vedkices o e rmwm%m&
raoh Suon thok yecnoinder is discomected.,. . - N
- Troorem: The \@rtex connectivity Canct axceed the odop C.omecm\\\a ofa groph
(Lowes bound, On edge conrecivig).
= A groph whose verRx mnredwhd sl tsswdtobe&sepniub!egmp\\ Fomseumbne
caroph nis speciol vertex s colled e cud \reckex.

- Cuk \erter: A vertex z is o ouk vertex i 3 Mmﬁwm exumwe ses of vastices
Vi ord \, 10 Gv (sudnthok VyuYs = V-123) such thok ony poth from sorre xeV] to
sorve yel, contains the vertex. 2.

» Treoten: Tre maximun vertex Conrectiiy of o groﬁn GOGE), Where IV i=v ond |El=e
is floor(2e).

= with crord 'h: {g,N1}

» vertex Conredivity < eAgR Connediivity < ?_e

(Since 29 is e roeon degree of oovastex, 3 O Vartex whose degree is 2 1/, Tre vertex
With rricienum degree hos 10 Yor oce o @e winds o vertvss.)



e

+ A connecked gragh 1s S0ud. to be k-connecred. i

-~ eeny PO of Vertices is connecked. with o, reinitnuen of k non-intersecing padhs A

" hore oxichs UM §0F o \erkices Connected with Sackly K Non-iotersasing oty

Such 0. aragh hos o, \ertee CONMecKkiviy of k.

+ A connected: grapn hos on edoe Cnnneckmuj of &\ ety poir of vertices i

| comteced. oy K Of (rore edoe -digjoiet. podhs, Ond. the@ @Xisks & paxe of vestices U0y
Wi oty k edge-digiont potrs.

Note the difterence:

- Eoop-disjoiek: No edaes should: be ¥ common, bk vertices Moy overdap,
tl = Non-intersecking: Noedges or vartices should. be mm(empt stort § endl),
.

_
\A gro.ph IS NON-separoble (vertex connectiviyy > 1) i every podr of Vertices ma
xoPn 0on oe pincedmsumomto%megmph :

-.! EEJCJEGHQE > =
{ - Errloedding- An emcedding Omgwmmts ﬂetﬂc (ep(esentcut\on onagurface,
i Wner@ Viedices Oge fepresarted oy paicts ard. edges by ques DehweRn these vertices,

'g ~ Notwo edoes iffersedt in an efvoedding,.

. Plonar Gxoph: Agmﬁq\ssmdtobepﬁcmof  tts emoedding onihe)w p&aneensts

RO  RX ¥, R (T Ao "'-'"-" K|dm0.m
gmphwﬂanmcm%wm Kz,mkawe?”wﬂrbkﬁ\‘s\smt

e S

Wemmmqumodoiecmmedgeso{\(gonﬁ\empgmersmvﬂ
Hence kg is non-planar. Howews, ﬁmedgemrem«ed,&m&emwbam
W‘ Kusokowski Gragns: They o Kg ond ¥a 3. (e page 22)

1 K mewwmﬁx&es«nmestnmoﬁwnm (5 Vertices, 10edges)
- Kaa: The NO0- pqmg;gco;nhmﬁ\t‘esmﬁast nuevoer of edges (& vertices, 9 edges)

\

o s ..a._f-‘-*t_-_._;}ih‘-‘——.-

| - Face: A%oa\supoﬂoﬁﬂemed&ﬂmmwwwgec?ﬂ'eeﬁﬁddmg.
1'|‘ Anioicite port is olso Considesed. o be o face.

| @ A
H . .
| Ky 4 faces K3: 2foces i

- Eudler's Tredmm:. [&k o plonor hove
tre sustace/plane tnm%hces'n?&ph‘ NGaRed . S O i

i fweed2 (21 Bullsr's crosockenstic)




. Necessany (et be sulficient) cordiians fo a groph to 95

e P“ﬂmf ore . A rrop is an
- for o Senply conmecked yoph: 03 ) e 3v-g example of a
- fir o opoctite 9‘0'?"“" e3> ¥, ee -4 ploror gruph;
Note: Tre notion of a foce Uf\‘h] RS in case te qragh COurtres/gtades
is planar. ore nodes 0nd
. Theorem: fox o qmr\'\ to ke pﬂono& Q necessony grd i s

sufficiert cordition 1s thay neitrer of te Kurolowel
is horeeomorpnic to them, is AL sulgroph of G,

Q: Ts this graph lonor?

arophs, nor 0ty gragh vinch

{2 — P /-
)k::_\\\. = ;} .* -
(Rmmeedgaswx&m) (“smootren out” y-w-b) K3z horreomorphism
Henee the graph s et planos.
Q: S\’\ONMKsond.Khdreboﬂ'\s\xbgrmoH\\sgmph 4
R S ' | o
1439 -6%s FALSE Note: Ydidotﬁt.'eed.. '
non-ploas ; 1O selec every adep of
s e o Lt avertuﬂ)mchmb
A- et s - include it o the
A 1 MC\%\QM Lared.
9 & - ' VereRs e ere
gdges

'M‘*O‘?WG‘“‘*‘CW‘WQPWO‘W“G\WMOGG‘,QW .
G ok :

% mmmm\medwoa&emmwmmtommom
= fur every edge (W) € G demoreaking ‘the plane, 00 adep of G s consm»c_te:i
beineen e vertices of the foces on eifer side of (UN)
ty: (P10
Extvos: -
Tre duold of o Plonas graph's duad. is tsedf.



Or : duol. gragh

Things in the pimal gragh | Comresponding things i the dwall graph
\rtex couet: v o=t
Edge count: e e:-— &
Foce coust: § flzv
Raak: ¥ =
Nullity: o M = ¥agemdye
Edoes in sedes + Edoesin posalie)
Eﬂgei?\pomﬂﬂel iy, B Eig"; ir\Pseﬁes :
SQQG-DOOQS : Pendank vertices
Pendant vestices - Setf-Goops
TSI 7 Cuk sexs
Qe sets :  Ciouits -
o e i e re oot G Gond
Qes in Gv fofens ™ & cicuit, i the conesponding edgps i G form 0. Cuktsef,
E i : - ]

- +

e Asdvamsuggegsweaw!q colowss 10 the vestices o?thegmph '

+ A collounng 15 said. to be proper i adgamwﬁcesoonotsmghmww.

(Uindess dinted. dirervise, e termn "colousing” vill eame £ maan *proper coouing
froen, TW) " chromnakic nurmoes (')

* A grapnis soid. toloe k-crvomalie if it equires o minimum of k colouss b cdlour i

= A null grogn GLY, ¢) is thonochromatic. (1-collour is requiced. o3 enininu)
— A Sullly conrected grogh raving N vestices, s n-chvomodic.
- P trees ore Bichvomadic ((2-chromodic), and. sotoe areal] bipostite grophs.

= Ciftuits NOVIng 0N even nusmoes of Vertices ore Bidhwomadic 0nd. ¥hose with on add.
fdecioes oF vestices ore richvomoXic. ( 3- civormotic)

- Fous Cllous Treorem: A plonos graph requites 1o tnore than 4 calouss to make

O prop&s calounng,

'5. 5 4 : = Km(mﬂ)'hgw&'esiml' _;rfﬂmlﬂ"w'

Heawood (1890) ~Proved .




' 1{'\ (lﬁ\m is the h‘lﬂ\ wet \\\T‘i‘_\“,\;\ ol ('““ \fqtm( ()c Q (J,:)Ph, en e C\-mﬂ)jc

nuetoer cannct exceed danastt. Furthesmore, if thee s mo complete subam{:h
how0g dinat b Vertices, the dhvomatie nurniber connok exceed. dima.

. Chromadic Rygnomiol: Tt s 0. polynoriad Pl , where ke chiomatie no, wrieh

‘3\\{@5 the mmﬁ:\‘ OG D{)sﬁh'le Q(ﬂm(ingg with k CCﬂ.C‘J\l‘.-fv ]
- Tor o cormptere gapakn: f () = k(k-1)... (k-nal)
~ Foc 0 tree with n westices: p (0= k()™

furdonesinl Redukion Treoten

&

(o]

. This theoem is opplicable Orly to connected. orophs. ™ 3¢ Aieaenecssd,

. Any polc Of vestices 10 0. gragh

=~ odjocent: Mast Nave different edlouss

P10 Do)« Poidx.. 35, 0)
(produuck of crvom. poby. of all

e ——

DR At Aiffet oo | et
\W\e ‘n%‘ﬁwf D'I\@)C.\C&atoh\se the sorre mmb\jw’\t‘ﬁcﬁf\}m‘aﬂge.

+ Theorem. PG = P(G-e, 0% P(G/e,\O
> PG\ K): Tre chromate palynomial of o

gropn G, gven k colowss.
> Gy-e: The gragh dotained by vy
the =dge @ fomG. .
~ Gle: Tre gragh ddinedby contfeting
the adge & from G (Squish endits. 2gethen).
This fores endgts. to howe the Sarmeeallpus.

Q: Use the Furdamental Reduction Tresmsm
to compute the dhrommatic polignaiol of K.
o1 rz 1 2 1:\
4 E_-” 483 . (q,ql-h—_;);
A+ Pl 0= PR 104081 - PLKs)
= k(k-1)-2)%- Wk k-2)
= k- D).

+ Soree feodures of the dromoadic polynortial o) = 0?15*0?-1‘*9_1+.'..*QL‘“00-.
L s degree (§) s the Nusrios of vetices.
it is o monic polyorriol» Op=L
o s Conskork s 20 - 0920 ¢
3 D=2 ox the sum of we
- Pt %0 (Nocllows), thus be(0-05. Since these ore 10 WOus to callow the gjraph
WO ciges, 000, - @poved. i B
~ Tre somof cositidierts of pod's terms is Pu(d), the nunoer of ways 10 Colour
e Orogh with 4 co0. T the oo is ok null ( sek of 2dges s 0t &), then =

Pel)=0 (no waws o cotour), T§ the gragn is nudl, P00 =xX™ (N Vertices, X waws
o colous eadh). ) prwed e

- E,o_ge Case: For a nulll grapn GV, $) where Wi, Polkd= klled)... (vt |
OLTNaNiC ol of degree . - siretcse ey RS

R Irduckive Step: (Using strong induckion) Assurme that oll grages G\ D), Wrese
\El<e, et ord 2 W0, the fods (A) £18) hold true for Pa,.
Now 0dd. o.new edge. to moke e edges fn totol. T
Using the Fundomental. Reducion featm, P51 = P(Gr-newEdge, k) - PLO/newkdge, )
wien s olso of degn & cnonic. -(A) 818 poved. g OO 5 o GRS, oot

oierts of ol terens Of p.;GO '.SQ. o :‘--_‘ i :

| s e frvicoLm degree of o vestex, e grogh's drvomaic nureRs is ¢ denea*t-

g




B T | o . S p—— T Tr— et s

6
| Q:Rme&a“mcmwveam". winich stades thad, O-plonos goPn con b
| propestyy ccoused. with ok test S colcuss, |

A+ Avecessony'condiion for a. planor graph wih e edges gnd. 1 noges 1
| Hence the oNege degree, iﬁe‘seﬂff—fz=6-%<6.

B
330

~ Theve must edst sorre \erdex v with degree < g, i-e. ok feast {
w'ca(m.w\ﬁ\degreeﬂe (£%). :

Aonos

Base cose: Any gragn with 121,234 or 5 vetices con \oe POPIY coloury

| m@thcmnﬁmwﬁOES-mmM .

Trdlickie dev: Assimme m{-ocgc@wgmp\'\ with k-1 colours, & coloyrs
o E.,uﬁ&iua\t.\x&wwe toke o planos groph with k vertices, |ox V108 O Vertry
of Bt?\s gcuﬂn \l\f'\\h'degeé 45, On Rmoving v, the @maining graph is colouriy,
RIRAAN W § colous, Now we add.y back: -

= Tedegfn) < 5: Besides e cdlouss uged to coliour ‘ ¥
| thase adjocenkto \, thee is Oeficitely one calous . )v
| Wi s free. This con Be ysed for v, y ).

- 184 1 0nd 3 o connected oy o posin thok CANNGT _
ollow e to have 00y other callour. <N T

* Sicce the gragh s plonos, 9 coanat be - e

:i‘t Connecied to & o 5 oy ony path/edge..

ll‘i b s > v S

{ - Applicakions of Cd.ogﬁng: Exm&ﬂrmmm.%@swwna,mm

‘ o = . a A % - R

Il + A chvornokie postifioning of o grogh s She distroution of the sek of its vertices

into the rrinimaunn 10, of Mukoly exclusive & exhonstive subsets, <o ot

20k o the Vestices in oL suosel. con be given the. same tolour I 0 Proper colburiag,
S Asex SV, which 1S on-amphy, is soid. 1002 0 independent:

| o crogroph O 1 no e Westices I0 S ove odjocent:. -

1 - Tre tviol cose I an independernt st is O sk with o single ertex.

+ ~ PAn independent S S s said o e Troxenall  odding any vertex t S violokes

i e proparty of independence.

- Tre cofficient of Tnternol stobility of a. g Gy, dencied. by @(G), is the. movimum

3 Comdinoliny of O roximol indepandent 52X of . For 0 k-crvornatic oragn with
| e lower fieit & 6(G) is Wk, e, plGYzoVk. gf

11\ ~ T deqly) =5: We ossurme weorst Cose Senaios,




+ To fird rroxderal) independert. ses of o gragh:
25 E-xpfgsg each Qd.‘a@ as O DrodueX of ks .
=A0oS, €g: Edge (b,e) as be. /1

X
& |
- Otoin e Beolean expression for the suen of edgpe. 27O\ /oy

= 2,0 = Qb”bc“'hd*be'f&irde'rehegﬁg 2

eck

" _;_ 3 DEpe The doove should not e \old (ie. equal 0

‘PD( QTH \ Mﬁ(}?\fm (E&Ch\l&(k??{ -\St(E’Cﬂ(EQQSQ Boolean
literal, orel 1 Htllacken MeONS that this Verex s included in o Sk of verkices,
Urreons #S SRdidid ) == g products (5P
» Thus ifve axprese ¢ asa

o moxieead independerk set.

= = (a0 4d Yol N ) e e 46 X el XE'g)

' v I\’W&MWM (b’+c‘d‘)[e'-&c‘delh‘-mJe‘)(‘5*{-")(6‘@)(4“49‘)'
= (o alcdleY escds) (geet) - |
= b‘e\g‘%ﬁ@%+ alc'de'g + a'dd'e'f «a'c'd'fy

» D rusthe equatedto 1 for on independent sor.

* b'e'g > Exdude bieg to get o taxioal independent sek $a,¢,d,£3
. b‘e\FtF’mMemg {qrc'dlg'ﬂ i .

+ A/poededdl icdependent S5 are =
{a.c,d &%, f0.¢,d.q% a.ed, o 15,43, {b,gb
O i o

» fodh prduch represents

e

R i « This graph is ot uniquddy eotourade
" : ¢ because >i pociKioning exist:
- N {acidogitbfh qed ——
- : *Nq {a,c,d.83, 1b,ghiel
e {a,e3, 1bfY, ic,d.9%,

- Dorinobing Sex: A sei SN is-sd;dtobe&dordmal‘mgseko?o.gmﬂ\&w

(v.8) ore odjocest ¥ veV-S ond ¥seS.

&2 vl cose of o dorninoting s& is S=V. |

niy KDWMQS&SB s0id ko be rinirmol € Yemovng ony vertex fom S
violodes e propacsy of dorninance.

300l independest sek s 0. rinional dorminading st buk.
mm Eg: In the above gragh, 1o, is min!. dorriraking sek
bul nOt a e, e indepandenk s,




R : .
- Tre confficient of @drirol ooy o0 grgh G, dended 'oy «(G) (alse
colled. the doerinodion aurtoes ) | is the naicieoum corinaliyy of o Minicon)
dorrnosing sek f G We hove () < p(0).
+ T¢ we @xpress the Bookeon expression
l!fls\sa//‘» .17 (v Vi ;\Im) B;)(V\h!re '¢;ade<ar@0€ V)
] 906 VieG \ﬁtp}«-}&m(r\mtwq‘fb&ur@ - 1
I Qs 0 suen of pmumkSo?) eadn 09 ﬂ\e Dmdw:is s O mmmaﬂ dnmmh-q Sex
: _“'\LLS for this 9{0@'\
3 c @ (o,+b)(b& o+ c+d+e)(<‘-*‘°’*®( d«’fb"’e)‘ -
: ,_%{ (e»«c.:«mhg)(% +e+g)(9 vesf)
b
: y B Lmobmu ads Qe *b*bc*m*t@
H. > 3 Qb+cc1+e)(e+e€+e9+ ces c{‘*cca*b@rb&bg
1 3 o +de&-d.§'-‘-dg “‘&3} 'E"";'j)

= (a*0o*oc+0d+ge + b#bc*bdarbe')kb:r (-_dm)(e*eh eq-+ ec:.eb *\bf-s-g—{ +d¢)

d = (0xb)(b+ca+e)(e«f+g) -
> (ob+ocdroe 4b*bccl+be)(e+hg') Uo+ acd* oe)(e+ F*gﬁ

L be +of+bg -R-C\Cde-'raCdLG-& Ottdg-ﬁ Qeftaﬁf-? aeg s _— <

- e bf £y 08 + ocdf+ acdg, -
» The dorinoging s¥s (cvinimal) ore:.
15,03, {bi4Y, 1095, 10,8}, a, P e T c,d,g'k

Ncte 4nad {b,e} is a minional dpminoticg sek buk not 0. Moximoll independent sek.

Boolean Sodisfioloifity Problem-. Tt is o proolem of ossigning volues to R |

\osidokes in o, Booleon expression (either True of Folse), suan thad. the exp®
evoluokes to Tue. (\Negnd find afll sdlns) -

‘Eﬁ\ep@onem\saﬁoomemmn vosodles, the Kore complex o?sclwg.
the problem is exporeriioll - O™ Y

b Ao BT N




foamde oo x
R =% e ‘,‘-l-l\-" ‘r‘n




S “ () Fieg.o roxirrol independert. set of
\\ tris grogn.
| \ () Find 0. peiriimol vertex Co®s of this gragh,

\ /A Luy
” () w23
X 9 : -
» Neke thok we know the algorthn of firdicg ol roxinmod independert. seks,
. The complement of every moximal independient sex is o minimdl Vetex. Ong

2 N8 have. saved the verkex cover problem by sding the jndependert e |
VatRx Prodlemn. T s colled. veduckions, The generol process of redudiion is,

: Ptemns@s\l\le'mow to opply Ngoi on on iNput to gek on oulpud.

* Gool To Gl om (or devise) an algprthm Algs2.

- Process. (Reduction)
~ Conwert the inpudk ok Algo2 ickg o, form which conbe acsepted By Algdt,
= Use Mlgol onthe converted. inpus to gk ukput. ;
= T oudpui is Wk s requiced. « g2 = (Reduckion « Algot) ‘

“ By Tn the guestion we just solied, we knew Tndep.Sek buk not VatexCoves

= Redwdhon: Converson of inpudt graph o aW_Mmbeomptedbg&e
indep so.olop. (Here, e this step is £ do Nothing) .

= Poply the indep. .- albp, tren toke conmplemnest, to dokoin o wvininal. Vestex cover,

- Trus We howe sohed the vetex, CoVer prodlem,

Mestex Coves Mgo :
S r— ' N
e . RO | Tdeperderk Ser | |
- i il RF eﬁ; '—ﬁ—> o0 .
b L= - |
Cg dnmﬂ\'\f‘g NP

| .Ammﬁaw&\saw'm&m%mp\&&.l .
| - Tre vertex cowr of o gogn G (midieal) con be veduced 10 o, clique prodien
(firg, o clique huamﬁ\mm)mwg
~ Redustion: Construdk o graph G from Gy, were the Yertices ore the some, louk
E- fedgesof ko3 -E. | |
~ i G (GE) ond. I=n, then Gi=(VE) where £'= {edgps o Knd-RE.
1 = Cligue Mogprthon: Apply e digue odgortiven on 0 to ficd o digue. (et ¢
i e the seX o verkices inthe dligque. (Note thoy s dique shd. ' of o size)
* Quipuk of Nertex Cowr: S=\-S' is o pricienall, vertex cover.




r . & ‘
Maidnog, : g

. A erodthing na grach G s osek % eddes ok G Lie a sumseX of £), 1o
O OF wWincn sham® A cormmon, H'f‘\'lj;.v(,} | '

Q: Ficd o madching st i the fflonng gragh

. .

—w

i & J { ]jn debiricion of this
(i 1 M

J
° ol .:3-.';1}0-!'.'\, we noue

Q) 2.nW).

A Intolise BB, M=, C-0.
Write £ ¢4,
- Ohodse o Yordom edage Tuv) from E'
2 M'—MU I(L'lv\‘-)! C i C'U SLU*I\I’S_
- E'SE- 10 e s incidert frorn any vertex in My
At the and, Mwill e o trodhing, € will 'be a vartex Caver (nat necessorly
Prinienal). to M:={(a0), (8.2), (gAY, C- 1a.b,d, §.9nh. &

However, Nis o, cnosimal wotching sek - whok this means is thot I you 0dd
on edge to M, e resulkont seX won't \oe A pnoXching sek.

Ticee Carnpleany

O(leh

The e of 0. raxicoll rnatdning sek conndk exceed. tot of the rricirm
ey coves. (it Con only e @qual o toest)

- The OpprornnaXion Yoko of an athon i defired 0S
Approx. Ro$o = @Zﬁi&mﬁd@w
Optirmal sdbudion . ;
'RISC\NOA;\SQWWQ\'equoltoij'&\eume;'ntisml,ﬂ'\em-.

- frox ¥he algorthon defired dbooV®; . tof.
0. ) (D_[_"ng_ < 20 o (Since NW<n(Q)

7 Sy | o) SRR
g B O (-"[\"Eieﬁst' t e ol oy ) g

- SRdup: Cies are epreserted by Nodes Exdplkha beiu!;: cju‘:‘lesc:us,edc‘:,es;mJh

. Eaﬂ\ed%e'ﬁassodmed“mam.wgo.@wmm \sacmmu\e _xeng :
. Rm..'Ainlesnmlsm‘v\s;@qn s exodly 0fc ond lef%\:e 91-;4;”5\;

cities the. wouy ey anteced.. Tris equokes to&rd-\ng‘a—wnm c;m ,

. " ) Py u-m-
. Assuasogkion (Triorgpulor Tnequating). The cost o troveting from & node Ny to and
node Wy conno. exceed Anak of the cost o the dieck edge v Ny oMo,

u
]

.

b
mstku.i.s!)‘g, cost L\L-—‘*)- P

N\
\-
— .x



Y T N q .

\ 42 {

|+ Procedure: | .

- se PV of ¥euskal's ollgorithm to find the minimnad spaming

for tre complete groph (of cities).

- Stort from ony city. Taking this ity os the ook of the Mst, 4 o Preony
trversol of the MST (visit the oot Betore troversing £00h suckrea 5oy . s
it ARG fike, TRl

~ follow the edaops stdbesee along the treorder trovers

) g . ; ol Tn Cose W ony
o0 E@Mth st i the MST, this implies bmaf.kina I % ((x.;.»f“m’
for Hommilkonion cisous! ). = d

L
{ Ao
ee ( M*‘-T)

oy diecﬂgwiﬂg the Cross-edge to the next v ;
_ . ' : Vertex inth,
mm«m e Yangulor nRouoliy Ogsurrgtion, the cogt Mintoineg

18 st optenal. ‘ )
- > Once the promer toversol is dore, toke Yre e back to the stagt Tl
NS cormpletes the tornthodion cieut. % 9y
Q:Hﬂmwﬁnh&mmzbrusaﬂeswrsonbtuvdm%h.hd\em -
(wstWFEI’ges O epresented, N bo there), < R o
- T

~ As A icimum spanning tree can be geneoted using Kruskal's oﬁgon&\m L
(BD @8 €.E) 0,6) (E6) (AE) AD).(CH. « j
2. 2% 2% 9. 2 AN HEEsSe c ——

SO Yk TR G Sl 5 fartert)
Let's orbitrandy stost fom city € as shown: PRordes traversal gives CEABDGF,
Non-tree edgas m-e(f‘\ﬁ.)md (Fo. So e Horniltonion ciccuis Tovohes these
~ An optrrod Homlonion ceuit of cties is ¢

‘ 4 0
: 2 »E— A—By
C\ D
Ex'lt/ A Ry G«

L . \
The raiaienuen ot s 20
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